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Chapter 1
Introduction
One of the fundamental features of quantum mechanics is the superposition prin-
ciple, according to which the states of a quantum system behave like vectors of
a linear space and, thus, they can be summed giving rise to interference effects.
These interference effects among different states are purely quantum phenomena
and constitute profoundly different behavior from the classical regime, governing
the macroscopic world.
In 1935, with the famous thought experiment of the cat, Schrödinger pointed out
that according to quantum mechanics even macroscopic bodies can be in superpo-
sitions states [1]. Despite this, in the case of macroscopic systems, the quantum
interference effects are very hard to detect due to environment induced decoher-
ence [2, 3, 4, 5].
Decoherence is essential for the transition from quantum to classical behavior. The
key observation is that realistic quantum systems are never isolated, but are im-
mersed in the surrounding environment and interact continuously with it. Accord-
ingly, our quantum system becomes entangled with the environment, and its ini-
tial pure state evolves into a statistical mixture. Thus, a coherent superposition of
states becomes a statistical superposition represented by a diagonal density matrix.
Therefore, a damping of interference effects occurs and the quantum properties of
the system are washed out [6].
Summarizing, decoherence is the principal obstacle for attempts to reveal inter-
ference effects on macroscopic scales, i.e. macroscopic quantum superposition.
The nature of the quantum-classical border along the mass scale is still poorly
defined. Particularly, there remain some ten orders of magnitude unexplored be-
tween the heaviest molecules, for which interference has been observed, and the
lightest nanomechanical objects for which no quantum effects have been seen [7].
However, there have been proposals how to create and observe macroscopic super-
positions in various systems and experiments demonstrate superposition states in
superconducting devices [8, 9].
One of the most important experiments aimed at the detection of macroscopic co-
herent superposition has been proposed by Marshall et.al. [10]. Their idea is close
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in spirit to Schrödinger’s original discussion: a microscopic quantum system (a
photon), for which the superposition principle is undoubtedly valid, is coupled with
a macroscopic object (a mirror), in order to transfer interference effects from the
former to the latter, creating macroscopic superposition. For this goal, Marshall
et.al employ a Michelson interferometer in which one arm has a tiny moveable
mirror (in the following we refer to this set up as “Marshall et.al. optomechanical
system”). In this manner, since the photon displaces through its radiation pressure
the tiny mirror, the initial superposition of the photon being in either arms causes
the system to evolve into a superposition of states corresponding to two distinct
locations of mirror.
Nevertheless, to detect macroscopic superpositions, there is an obstacle to over-
come: decoherence induced by the mirror itself on the photon, in particular, by its
non center-of mass degrees of freedom. The photon cannot be dealt with as an iso-
lated system because it interacts with the mirror and, hence decoherence can occur
destroying photon coherent superposition. In this case, no interference effects can
be transferred to the mirror.
It is worth wile to remark that decoherence is the crucial problem of the Marshall
et.al. system, not only for the damping of the photon coherent superposition. In
fact, in addition to producing macroscopic coherent superpositions, another long-
term motivation for such an experiment is the question of whether wave-function
collapse occurs. For instance, the Marshall et.al. optomechanical system has been
used to test several wave-function collapse models [11, 12]. For this goal, it is nec-
essary to shield mirror induced decoherence, so that, eventual losses of coherence,
are attributable to these processes.
In general, probing the loss of coherence induced by the mirror, the Marshall et.al.
system offers a chance to evaluate several further decoherence mechanisms. For
example, at moderately low temperature, it has been adopted to demonstrates a co-
ordinate diffusion related contribution to decoherence [13].
Recapitulating, for a correct working of the Marshall et.al. system, we must con-
trol decoherence induced by the mirror on the photon. In [10] this process has
been quantitatively analyzed: the mirror is treated as a quantum harmonic oscilla-
tor driven by the radiation pressure of the photon.
The purpose of the present work is the study of the mirror induced decoher-
ence in a quantum-classical hybrid theory. A quantum-classical hybrid theory
consists in a formalism aimed to describe systems where a quantum sector co-
exists and interacts with a classical one.
There is much interest in this field of research, both for practical and theoretical
reasons. From a theoretical point of view, hybrid theories have originally been de-
vised to provide a different approach to the quantum measurement problem [14].
Furthermore, a quantum-classical hybrid theory may be employed to describe con-
sistently the interaction between quantum matter and classical spacetime [15].
Even if one is not inclined to modify certain ingredients of quantum theory, there
is also clearly practical interest in various forms of hybrid dynamics, in particular
in nuclear, atomic, or molecular physics. The Born-Oppenheimer approximation,
9for example, is based on a separation of interacting slow and fast degrees of free-
dom of a compound object. The former are treated as approximately classical the
latter as of quantum mechanical nature. Moreover, mean field theory, based on
the expansion of quantum mechanical variables into a classical part plus quantum
fluctuations, leads to another approximation scheme and another form of hybrid
dynamics. This has been reviewed more generally for macroscopic quantum phe-
nomena in [16]. In all these cases hybrid dynamics is considered as an approximate
description of an intrinsically quantum mechanical object. Such considerations are
and will become increasingly important for the precise manipulation of quantum
mechanical objects by apparently and for all practical purposes classical means,
especially in the mesoscopic regime.
In this work, we consider the hybrid theory elaborated in [17, 18, 19]. This theory
recalls the framework of Heslot [20], according to which quantum mechanics can
be expressed in the language of classical Hamiltonian mechanics. In this alterna-
tive formulation of quantum mechanics, physical states are represented by pairs of
time-dependent functions behaving like canonical variables. In this context, ob-
servables are no longer given by operators, but they are functions of these new
variables, similarly as in classical physics. It is possible to employ this formulation
of quantum mechanics to describe the quantum sector of a hybrid system, so that
it can be naturally combined with the classical sector.
This hybrid theory may be used to study the Marshall et.al. system as the compo-
sition of a quantum and a classical sector: the former is represented by the photon,
while the latter by the mirror. The reason why we attempt to treat the mirror as a
classical, rather than quantum, object is that its size far exceeds scales typical of
the quantum regime, and therefore a classical description, could be an appropriate
approximation.
One of the first goals of this work, indeed, is to use the Marshall et.al. system as
testing ground for the hybrid theory [17, 18, 19]. We will explore a new theoretical
model for this system which may be used to provide new physical insights about
it.
Our principal interest is to verify if the hybrid coupling between the classical mir-
ror and the quantum photon induces decoherence processes: also in this case, the
two objects interact and the mirror can yield a loss of photon coherence, destroy-
ing its interference effects. We shall establish a comparison with the decoherence
produced when the mirror is quantum and already evaluated in [10].
We will proceed according the following steps.
In the first Chapter, we present an accurate description of the Marshall et.al. set-up,
explaining how it is composed and, above all, the way it works in order to achieve
the goal for which it is constructed. We specify the initial state for the composite
system and we derive a Hamiltonian, which governs its dynamical evolution.
In Chapter 3, we study the decoherence process produced when the mirror is quan-
tum (in the following, we refer to this as ”the purely quantum case“). For this
purpose, starting by the initial state presented in chapter 2, we will obtain the form
of the state at a generic instant, and comment on its physical properties. It will be
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employed to construct the photon reduced density operator, whose off-diagonal ele-
ments are essential for the quantitative analysis of the mirror induced decoherence.
Furthermore, we connect this fundamental theoretical tool with some measurable
quantity, in order that it can be determined by experimental measurements. In
this way, we characterize decoherence induced by the quantum mirror, exhibiting
timescales and suggesting how to optimize visibility of interference.
In Chapter 4, we introduce the crucial points of the hybrid theory [17, 18, 19].
First, we expose the Hamiltonian formulation of quantum mechanics, showing in
particular how to represent states and observables in this formalism. Then, we will
use this alternative formulation of quantum theory to describe the quantum sector
of a hybrid system, joining it with its classical sector.
Finally, in Chapter 5, we apply the hybrid theory of Chapter 4 to the Marshall et.al.
system. We begin proposing a hybrid Hamiltonian for the system and obtaining
from it the equations of motions, which encode the physical properties of our sys-
tem. Next, we focus on the photon reduced density operator to be obtained in this
hybrid approach. It will permit new studies of the mirror induced decoherence to
be compared with that carried out in the ”purely quantum“ case.
In Chapter 6, we present concluding remarks, summarizing what has been achieved
in this work and pointing out open problems and directions for future research.
Parts of the results of this work were presented as a poster during the QIPC 2013
conference in Florence [21].
Chapter 2
The Marshall et.al.
optomechanical system
2.1 Introduction
The Marshall et.al. optomechanical system was initially conceived as a proposal
on how to create and observe macroscopic coherent superposition states[10]. There
are also other long-term motivations, such as the check of several collapse-models
[11], and the test of Lindblad terms employed for the modeling of decoherence
processes [13].
This scheme is close to Schrödinger’s original discussion: a small quantum system
(a photon) is coupled to a large system (a mirror), in order to create a macroscopic
superposition. For this goal, a Michelson interferometer is used in which one arm
incorporates a tiny moveable mirror. In this way, since the radiation pressure of
a single photon displaces the tiny mirror, the initial coherent superposition of the
photon, being in either arm, causes the whole system to evolve into a superposition
of states corresponding to the two locations of the mirror. The observed interfer-
ence of the photon allows one to study the creation of coherent superposition states
periodic with the motion of the mirror.
In this chapter we present a detailed description of this system and its functioning.
We begin by discussing how it is composed, and the assumptions we will make in
studing it. Then, we propose an initial state for whole composite system, i.e. for
both mirror and photon, and, finally, we derive a Hamiltonian for it.
2.2 Physical system
The purpose of this section is to describe in detail the Marshall et.al. optomechan-
ical system, presented in [10].
Particularly, we illustrate its components, their usefulness, and assumptions under
which we will treat them.
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Subsequently, we will explain its functioning, in order to clarify how macroscopic
superpositions can be achieved, and mention the obstacles to overcome.
2.2.1 Set-up
The Marshall et.al. optomechanical system is shown in the following picture:
Figure 2.1: The Marshall et.al. optomechanical system.
At first sight, it is just a Michelson interferometer characterized by a 50 : 50 beam
splitter. In this manner, we have the same probability, equal to 12 , to find the photon
in arm A or arm B.
At the extremity of each arm, a linear Fabry-Pérot empty cavity is placed. These
cavities possess one fixed partially reflecting end mirror, i.e. with reflection coef-
ficient R < 1, and one perfectly reflecting mirror, i.e. with R = 1.
There is a difference among the cavities in the two arms: in the cavity situated in
arm A, the perfectly reflecting mirror can move under the influence of radiation
pressure, while in the cavity located in arm B, instead, the perfectly reflecting mir-
ror is fixed.
This is the main feature of our set-up: through such interferometer, we put the pho-
ton in a coherent superposition and, since it can displace by its radiation pressure
the mirror in arm A, we transfer such superposition from the former to the latter.
In this context, the cavities are useful here to enhance interaction between mirror
and photon.
We consider the same length for the two cavities and we indicate it by L. Accord-
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ingly, the frequency of the photon within these cavities is:
ωc =
2pic
L
n , (2.1)
with n ∈ N.
In the rest of our work, we ignore the correction to the radiation pressure force
due to the Doppler frequency shift of photons, that is the mirror velocity must be
smaller respect to the velocity of light c.
A further assumption regards the amplitude of mirror oscillation in arm A: we ask
that it is small with then the length cavity L. Then, the mirror can be studied as a
harmonic oscillator and we denote its frequency by ωm.
We suppose that retardation effects, due to mirror oscillation, are negligible, namely
we require that the period of mirror oscillation is bigger then the photon roundtrip
time:
τγ  2pi
ωm
. (2.2)
The photon roundtrip time is:
τγ =
2L
c
. (2.3)
Inserting it into Eq. (2.2) and remembering Eq. (2.1), we obtain apart from some
dimensionless constants:
ωm  ωc . (2.4)
The Eq. (2.4) is a quantitative way to state that we neglect retardation effects, due
to the oscillating mirror.
In conclusion, we note the presence of two detectors, represented in Figure (2.1)
by D1 and D2, which can register the photon.
2.2.2 System functioning
Once we have exposed the structure of this system, we explain how it works,
namely how it gives rise to macroscopic superpositions.
The photon enters in the set up, with a fixed polarization, through the path I. It
encounters the PBS which reflects, in the direction of the beam splitter BS, the
photons with a certain polarization, whereas it transmits the orthogonally polar-
ized ones. We suppose that our photon is prepared to be reflected by PBS. After
PBS, it passes trough a polaroid: it rotates the polarization of an angle equal to pi4 .
When the photon turns back, after traversing the whole interferometer, it passes the
polaroid again, and its polarization is further rotated by pi4 , thus it is rotated by
pi
2
with respect to the initial value, i.e. it is polarized orthogonal to the initial direc-
tion. Accordingly, the photon is not reflected by PBS, and it will head toward the
detector D2: this is the utility of the polaroid.
After the polaroid, the photon encounters the beam splitter: it has probability of 12
to go in to arm A, and 12 probability to go into arm B. In this way, the photon is put
into a coherent superposition of the states in which it is exclusively either in arm A
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or arm B
Now, when the photon enters within the cavity in one of two arms, it exerts a radi-
ation pressure on the mirror. In the case of arm A, where the mirror is not fixed, it
leads to oscillations of such mirror. Obviously, if the photon is in arm B, the mirror
in arm A remains stationary.
Accordingly, when the photon is put, through the beam splitter, in a coherent su-
perposition of states, we conclude that the moving mirror in arm A evolves into a
superposition of states corresponding to two ideally different positions.
Summarizing, monitoring the interference effects of the photon it is possible to
study the creation of macroscopic coherent superposition states of the mirror.
However, we have not yet addressed a very important phenomenon in this context:
entanglement. Interaction between photon and mirror yields entanglement among
the states of these two objects, and the whole system evolves into a Schrödinger-cat
state.
The system we are describing realizes the famous Gedanken Experiment of Schrödinger:
here, photon and mirror interpret respectively, the roles of the decaying atom and
of the cat [23, 24].
The presence of entanglement between photon and mirror is crucial for our dis-
cussion because it implies decoherence effects suffered by the photon alone, when
considered as a subsystem of the composite.
For this reason, the goal of this work consists in the study of decoherence suffered
by the photon, due to the interaction with the mirror. In this way, we will discern
temporal ranges in which interference is visibility from those where decoherence
dominates, and the photon subsystem appears in a mixed state.
2.3 Initial state of the system
In this section, we exhibit a possible initial state for the composite system, incor-
porating informations about photon and mirror.
We start with the photon, indicating the corresponding Hilbert space and the formal
definition of its initial state. Then, we propose a state for the mirror, showing that
it can be treated as a coherent state.
2.3.1 State of the photon
Let HA be the Hilbert space related to the photon in arm A. The vectors |1〉A and
|0〉A, representing respectively the state in which we have just one, or not any pho-
tons, constitute a basis forHA. These states satisfy the following relations:
cˆ†AcˆA|1〉A = |1〉A cˆ†AcˆA|0〉A = 0ˆ , (2.5)
where 0ˆ is the null operator, while cA and c
†
A are, respectively, the destruction and
creation operators associated with the photon in this arm, such that:[
cˆA, cˆ
†
A
]
= 1 . (2.6)
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In the same way we deal with the photon in arm B, and denote by HB the corre-
sponding Hilbert space.
The related creation and annihilation operator fulfill:
cˆ†BcˆB|1〉B = |1〉B cˆ†BcˆB|0〉B = 0ˆ , (2.7)
and: [
cˆB, cˆ
†
B
]
= 1 . (2.8)
Until now, we have considered the two arms separately. For our aims, we are
interested to study the photon in the whole interferometer.
The Hilbert space associated to the photon in the entire system isHA⊗HB. A basis
for such space can be easily obtained from those of the single spaces {|1〉A, |0〉A}
and {|1〉B, |0〉B}. Computing the tensor product among the vectors of the two sets,
we have:
|1〉A|0〉B, |0〉A|1〉B, |1〉A|1〉B, |0〉A|0〉B . (2.9)
Nevertheless, restricting to the case of just one photon in the interferometer, we
drop the last two states, because, they represent states with zero or two photons in
the interferometer.
Finally, we propose the following initial state for the photon:
|ψγ〉 = 1√
2
(|1〉A|0〉B + |0〉A|1〉B) . (2.10)
It is a normalized pure state representing the coherent superposition of the state in
which we have only one photon in arm A and that containing just one photon in
arm B. We recall that the basic idea of the system is to put the photon in a coherent
superposition in order to “channel” interference to the moving mirror. In agreement
with this idea, we conclude that the vector in Eq. (2.10) is a good choice for the
photon initial state.
2.3.2 State of the mirror
Next, we present a possible initial state for the mirror. For this purpose, we point
out that it behaves like a driven harmonic oscillator under the radiation pressure
exercised by photon. It is known that the fundamental state of a harmonic oscillator,
driven by a constant force, is a coherent state and, since it is reasonable to suppose
that at t = 0 the system is in its fundamental state, see Appendix A, we suggest:
|β〉 =
+∞∑
n=0
e−
|β|2
2
βn√
n!
|n〉 , (2.11)
where {|n〉}n=0,...,+∞ are the eigenstates of the harmonic oscillator. Here, with bˆ†
and bˆ respectively the creation and destruction operators for the oscillator quanta
representing the center-of-mass motion of the mirror, we have:
bˆ†bˆ|n〉 = n|n〉 . (2.12)
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In Eq. (2.11), the general form of a coherent state is shown. Coherent states seem
particularly suitable to describe the mirror, because they are the quantum states
closest to classical ones.
Finally, the initial state of the composite photon-mirror system is:
|ψ (0)〉 = 1√
2
(|1〉A|0〉B + |0〉A|1〉B) |β〉 . (2.13)
It is worth emphasizing that it is a separable pure state, namely we have no initial
entanglement between mirror and photon. In the next chapter, we will show that
this property is not retained in the temporal evolution of the system.
2.4 Hamiltonian
To conclude the description of our system, we have to propose a Hamiltonian. It
can be written as:
Hˆ = HˆA + HˆB + Hˆm + Hˆint (2.14)
where HˆA, HˆB, and Hˆm are respectively the free terms related to photon in arm A,
photon in arm B, and phonons associated to the oscillations of the mirror center-
of-mass, and Hˆint presents the interaction term.
We have already stated that the mirror can be studied as a harmonic oscillator,
therefore its free Hamiltonian is:
Hˆm = ~ωmbˆ†bˆ . (2.15)
Similarly, we have:
HˆA = ~ωccˆ
†
AcˆA, HˆB = ~ωccˆ
†
BcˆB . (2.16)
We still have to determine Hˆint. It represents the photon-mirror interaction due
to the radiation pressure force on the mirror [28]. Its form can be inferred observ-
ing that the cavity length L will vary due to the mirror displacement produced by
the radiation pressure, and accordingly, by Eq. (2.1), it follows that the photon
frequency will vary too [26, 27, 29, 30].
Thus we can write Hˆint as:
Hˆint = ~ (δωc) cˆ
†
AcˆA , (2.17)
where δωc is the variation of frequency due to the variation of length of cavity.
The expression of δωc may be written as
δωc =
∂ωc
∂L
δL , (2.18)
and, exploiting Eq. (2.1), we obtain
∂ωc
∂L
= −ncpi
L2
= −ωc
L
. (2.19)
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δL is the mirror displacement and, in terms of its creation and destruction operators,
it becomes:
δL =
√
~
2Mωm
(
bˆ + bˆ†
)
, (2.20)
where M is the mirror mass. This gives:
δωc = −ωcL
√
~
2Mωm
(
bˆ + bˆ†
)
≡ −g
(
bˆ + bˆ†
)
, (2.21)
with g ≡ ωcL
√
~
2Mωm
. Inserting Eq. (2.21) in Eq. (2.17) we obtain:
Hˆint = −~gcˆ†AcˆA
(
bˆ + bˆ†
)
. (2.22)
Obviously, within the interaction term, only operators related to the photon in arm
A appear, because it is the only one involved in the interaction. We see that it
is linear in the displacement, i.e. the position of the mirror, and proportional to
the photon energy. Furthermore, the parameter g plays the role of the coupling
constant between mirror and photon in arm A.
Replacing Eq. (2.22) in Eq. (2.14), the full Hamiltonian of the system is:
Hˆ = ~ωc
(
cˆ†AcˆA + cˆ
†
BcˆB
)
+ ~ωmbˆ†bˆ − ~gcˆ†AcˆA
(
bˆ + bˆ†
)
(2.23)
We have neglected vacuum terms, because the in physical contribution concerns
the Casimir effect [26, 27, 28]. In fact, as we will discuss later, the typical scale for
cavities lengths here is L  5 · 10−2m. However for such “large” cavities Casimir
effect is negligible for the dynamics described by the Hamiltonian of Eq. 2.23
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Chapter 3
Study of decoherence in the
quantum mechanical approach
3.1 Introduction
In the previous chapter, we have presented a possible initial state for our system. It
is made from the tensor product of a superposition state of the photon in both arms
of the interferometer and a coherent state related to the mirror, corresponding to the
fundamental state of a driven harmonic oscillator. Furthermore, we have proposed
a Hamiltonian for this system, describing its dynamics and, particularly, temporal
evolution of its state.
In this chapter we deduce the form of the state at a generic instant, in order to study
the behavior system at t , 0: we will show that separability of the initial state is
lost and entanglement between mirror and photon is produced.
Entanglement implies decoherence processes which destroy the pure coherent su-
perposition state of the photon, created a t = 0. Meanwhile, the mirror enters a
superpositions state, such that the overall photon-mirror state remains pure. This
holds in the absence of environmentally induced decoherence which shall discuss
later.
Hence, the aim of this chapter is the study of the decoherence undergone by the
photon, namely the change of visibility of interference, embodied by the off-diagonal
matrix elements of its density operator. We will evaluate the temporal evolution of
visibility of interference, providing estimates for the timescales characterizing such
decoherence process. This decoherence, which we may call intrinsic decoherence
for obvious reasons, must be distinguished from effects of uncontrollable degrees
of freedom inside the mirrors (phonons at finite temperature) or belonging to the
environment of the interferometer (cavity walls etc.)
These quantities depend on some external parameter, such as the mirror tem-
perature. Thus, we shall be able to state how is possible to act on these parameters
in order to reduce decoherence effects.
Further on, the various resulting decoherence timescales will be compared with
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those derived through hybrid theory, establishing a comparison among these differ-
ent approaches.
3.2 State of the system
Following the outlined scheme, we compute here the state at t , 0. For this
purpose, we have to exploit the temporal evolution operator corresponding to the
Hamiltonian obtained in Chapter 2. To simplify the development of this calcu-
lation, it is useful to factorize such operator using the Baker-Campbell-Hausdorff
formula. This will be the topic of next, first, subsection. Afterwards, in the second
subsection, we will use the factorized form of temporal evolution operator to derive
the system state at a generic instant, and comment about its physical properties.
3.2.1 Temporal evolution operator
The state of whole system, at t = 0, is:
|ψ (0)〉 = 1√
2
(|0〉A|1〉B + |1〉A|0〉B) |β〉 , (3.1)
in which:
|β〉 = e− |β|
2
2
∞∑
n=0
βn√
n!
|n〉 , (3.2)
where {|n〉}n=0,...,∞ are eigenstates for the harmonic oscillator related to the mirror,
i.e. they satisfy bˆ†bˆ|n〉 = n|n〉.
We underline that this is a separable state, namely, at t = 0, there is no entanglement
between mirror and photon, and each of them is described by a pure state. At t = 0,
the photon state is a coherent superposition of |1〉A|0〉B and |0〉A|1〉B.
The state of the whole system at a generic instant t , 0 is given by:
|ψ (t)〉 = e−i Hˆ~ t|ψ (0)〉 , (3.3)
where:
Hˆ = ~ωc
(
cˆ†AcˆA + cˆ
†
BcˆB
)
+ ~ωmbˆ†bˆ − ~gcˆ†AcˆA
(
bˆ + bˆ†
)
. (3.4)
Since cˆ†AcˆA and cˆ
†
BcˆB commute with all the operators in the Hamiltonian we write:
e−i
Hˆ
~ t = e−iωccˆ
†
AcˆAte−iωccˆ
†
BcˆBte−i
Hˆb
~ t , (3.5)
in which:
Hˆb = ~ωmbˆ†bˆ − ~gcˆ†AcˆA
(
bˆ + bˆ†
)
. (3.6)
In order to evaluate the form of Eq. (3.3), it is convenient to factorize the exponen-
tial operator e−i
Hˆb
~ t, too.
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We rewrite Eq. (3.6) as:
exp{− i
~
Hˆbt} = exp{α1bˆt + α2bˆ†bˆt + α3bˆ†t} , (3.7)
where:
• α1 = +i · n · g
• α2 = +iωc
• α3 = +i · n · g .
We have introduced n = 0, 1, representing the number of photons in arm A. In fact,
the Hamiltonian in Eq. (3.6) does not alter the number of photons. and since we
are interested to the temporal evolution of states of the form |n〉A|m〉B|β〉, we have
replaced the operator cˆ†AcˆA with n, in order to simplify the calculations.
We observe that bˆ, bˆ†, bˆ†bˆ and Iˆ form a closed algebra respect the commutator.
Accordingly, we write:
e(α1bˆ+α2bˆ
†bˆ+α3bˆ†)t = eF1(t)bˆ
†
eF2(t)bˆ
†bˆeF3(t)bˆeF4(t) , (3.8)
where the Fi = 1, ..., 4 are unknown time-dependent functions. They may be found
by requiring that Eq. (3.8) holds.
For this goal we derive both members of Eq. (3.8) with respect to time. We have:(
α1bˆ + α2bˆ†bˆ + α3bˆ†
)
e(α1bˆ+α2bˆ
†bˆ+α3bˆ†)t =F˙1bˆ†eF1bˆ
†
eF2bˆ
†bˆeF3bˆeF4
+eF1bˆ
†
F˙2bˆ†bˆeF2bˆ
†bˆeF3bˆeF4
+eF1bˆ
†
eF2bˆ
†bˆF˙3bˆeF3bˆeF4
+eF1bˆ
†
eF2bˆ
†bˆeF3bˆF˙4eF4 , (3.9)
and applying e−(α1bˆ+α2bˆ†bˆ+α3bˆ†)t on the left of both sides of Eq. (3.9), it ensues:(
α1bˆ + α2bˆ†bˆ + α3bˆ†
)
=F˙1bˆ†
+F˙2eF1bˆ
†
bˆ†bˆe−F1bˆ
†
+F˙3eF1bˆ
†
eF2bˆ
†bˆbˆe−F2bˆ
†bˆe−F1bˆ
†
+F˙4 . (3.10)
Our aim is to get rid of all exponential at the second member of Eq. (3.10). In this
way, it is possible to identify terms proportional to the same operator of both sides,
obtaining a set of differential equations, which determine the Fi (t). Therefore, the
quantity:
eF1bˆ
†
bˆ†bˆe−F1bˆ
†
(3.11)
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must be simplified. For this purpose we express Eq. (3.11) as:
eF1bˆ
†
bˆ†bˆe−F1bˆ
†
= c1 + c2bˆ + c3bˆ† + c4bˆ†bˆ , (3.12)
where ci with i = 1, ..., 4 are functions depending by F1. Deriving both sides of Eq.
(3.12) with respect F1, we have:
eF1bˆ
† [
bˆ†, bˆ†bˆ
]
e−F1bˆ
†
= c˙1 + c˙2bˆ + c˙3bˆ† + c˙4bˆ†bˆ . (3.13)
The commutator in the first side is:[
bˆ†, bˆ†bˆ
]
= bˆ†
[
bˆ†, bˆ
]
= −bˆ† , (3.14)
which replaced in Eq. (3.13) gives:
− bˆ† = c˙1 + c˙2bˆ + c˙3bˆ† + c˙4bˆ†bˆ . (3.15)
Eq. (3.15) implies:
c˙1 = c˙2 = c˙3 = 0 , (3.16)
and:
c˙3 = −1 . (3.17)
Eqs. (3.16) and (3.17) must be solved with the initial conditions:
c4 (0) = 1 , c3 (0) = c2 (0) = c1 (0) = 0 . (3.18)
We obtain:
c1 = c2 = 0 , c3 = −F1 , c4 = 1 . (3.19)
Inserting Eqs. (3.19) in Eq. (3.11) we have:
eF1bˆ
†
bˆ†bˆe−F1bˆ
†
= −F1bˆ† + bˆ†bˆ . (3.20)
Eq. (3.20) allow to explicit Eq. (3.9):(
α1bˆ + α2bˆ†bˆ + α3bˆ†
)
=F˙1bˆ†
+F˙2
(
bˆ†bˆ − F1bˆ
)
+F˙3eF1bˆ
†
eF2bˆ
†bˆbˆe−F2bˆ
†bˆe−F1bˆ
†
+F˙4 . (3.21)
In the same way we find:
eF1bˆ
†
bˆe−F1bˆ
†
= bˆ − F1 , (3.22)
and:
eF2bˆ
†bˆbˆe−F2bˆ
†bˆ = e−F2 bˆ . (3.23)
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Replacing Eq. (3.22) and Eq. (3.23) into (3.21), it follows:(
α1bˆ + α2bˆ†bˆ + α3bˆ†
)
=F˙1bˆ†
+F˙2
(
bˆ†bˆ − F1bˆ†
)
+F˙3e−F2
(
bˆ − F1
)
+F˙4 . (3.24)
Identifying the term proportional to the same operator in both sides, we have the
following equations:
F˙1 − F˙2F1 = α3 , (3.25)
F˙2 = α2 , (3.26)
F˙3e−F2 = α1 , (3.27)
F˙4 − F˙3F1e−F2 = 0 , (3.28)
which must be solved with the initial conditions Fi (0) = 0.
Eq ( juve2) gives:
F2 = α2t . (3.29)
Inserting Eq. (3.29) in Eqs. (3.25), (3.26), (3.27), (3.28), we have:
F˙1 = α2F1 + α3 , (3.30)
F2 = α2t , (3.31)
F˙3 = α1eα2t , (3.32)
F˙4 = F1α1 . (3.33)
Finally:
F1 =
α3
α2
(
eα2t − 1
)
, (3.34)
F2 = α2t , (3.35)
F3 =
α1
α2
(
eα2t − 1
)
, (3.36)
F4 =
α1α3
α22
(
eα2t − α2t − 1
)
. (3.37)
In conclusion, replacing Eqs. (3.34), (3.35), (3.36), and (3.37), in Eq. (3.8), we
obtain the expression of the time evolution operator is:
e−
i
~ Hˆt = exp{−iωccˆ†AcˆA} exp{−iωccˆ†BcˆB} exp{−kcˆ†AcˆA
(
e−iωmt − 1
)
bˆ}·
exp{−iωmbˆ†bˆ} exp{−kcˆ†AcˆA
(
e−iωmt − 1
)
bˆ†}·
exp{−ik2
(
cˆ†AcˆA
)2 (
e−iωmt + iωmt − 1
)
} , (3.38)
where we have correctly restored the operator of cˆ†AcˆA.
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3.2.2 State of the system at a generic instant
In this subsection, we use the factorized expression for the evolution operator, of
Eq. (3.38), to develop Eq. (3.3) to obtain the state at t , 0.
We proceed to observe how every single factor, contained in the evolution operator,
acts on the right-hand side of Eq. (3.1).
First:
1√
2
e−iωccˆ
†
AcˆAt|1〉A|0〉B = e
−iωct
√
2
|1〉A|0〉B; 1√
2
e−iωccˆ
†
AcˆAt|0〉A|1〉B = 1√
2
|0〉A|1〉B ,
(3.39)
and:
1√
2
e−iωccˆ
†
BcˆBt|0〉A|1〉B = e
−iωct
√
2
|0〉A|1〉B; 1√
2
e−iωccˆ
†
BcˆBt|1〉A|0〉B = 1√
2
|1〉A|0〉B .
(3.40)
We see that they contribute just a phase factor e−iωct.
Likewise:
e−iωmbˆ
†bˆt|β〉 =
∑
n
e−
|β|2
2
βn√
n!
e−iωmbˆ
†bˆt|n〉 =
∑
n
e−
|β|2
2
βn√
n!
e−inωmt|n〉 =
=
∑
n
e−
|β|2
2
(
βe−iωmt
)n
√
n!
|n〉 = |βe−iωmt〉 . (3.41)
In addition:
1√
2
exp{−kcˆ†AcˆA
(
e−iωmt − 1
)
bˆ†}|0〉A|1〉B|β〉 = 1√
2
|0〉A|1〉B|β〉 , (3.42)
1√
2
exp{−kcˆ†AcˆA
(
e−iωmt − 1
)
bˆ}|0〉A|1〉B|β〉 = 1√
2
|0〉A|1〉B|β〉 , (3.43)
1√
2
exp{−ik2
(
cˆ†AcˆA
)2 (
e−iωmt + iωmt − 1
)
}|0〉A|1〉B|β〉 = 1√
2
|0〉A|1〉B|β〉 . (3.44)
Employing Eqs. (3.39), (3.40), (3.41), (3.42), (3.43), and (3.44):
1√
2
exp{− i
~
Hˆt}|0〉A|1〉B|β〉 = 1√
2
|0〉A|1〉B|β〉 . (3.45)
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We have to evaluate how exp{− i~ Hˆt} acts on 1√2 |0〉A|1〉B|β〉.
For this purpose we point out that:
bˆ†|β〉 =e− 12 |β|2
+∞∑
n=0
βn√
n!
bˆ†|n〉 =
e−
1
2 |β|2
+∞∑
n=0
βn√
n!
√
n + 1|n + 1〉 =
e−
1
2 |β|2
+∞∑
n=0
βn√
(n + 1)!
(n + 1) |n + 1〉 =
e−
1
2 |β|2
+∞∑
k=1
kβk√
k!
|k〉 =
e−
1
2 |β|2 ∂
∂β
+∞∑
k=0
βp√
k!
|k〉 =
e−
1
2 |β|2 ∂
∂β
e
1
2 |β|2 |β〉 . (3.46)
It follows: (
bˆ†
)
|β〉 = e− 12 |β|2 ∂
n
∂βn
e
1
2 |β|2 |β〉 . (3.47)
Accordingly:
1√
2
exp{−kcˆ†AcˆA
(
e−iωmt − 1
)
bˆ†}|1〉A|0〉|β〉 =
=
1√
2
exp{−k
(
e−iωmt − 1
)
bˆ†}|1〉A|0〉|β〉 =
=e−
1
2 |β|2
+∞∑
n=0
[
−k
(
e−iωmt − 1
)]n
n!
∂n
∂βn
e
1
2 |β|2 |β〉 =
= exp{−1
2
|β|2 + 1
2
∣∣∣∣β − k (e−iωmt − 1)∣∣∣∣2}|β − k (e−iωmt − 1)〉 , (3.48)
where we used the relation:
+∞∑
n=0
an
n!
∂n
∂βn
f (x) = f (x + a) . (3.49)
In the same way we find:
1√
2
exp{−kcˆ†AcˆA
(
e−iωmt − 1
)
bˆ}|1〉A|0〉B|β〉 =
=
1√
2
exp{−k
(
e−iωmt − 1
)
bˆ}|1〉A|0〉B|β〉 =
= exp{−k
(
e−iωmt − 1
)
bˆ}|1〉A|0〉B|β〉 , (3.50)
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where we recalled that |β〉 is an eigenvector of bˆ.
Finally, we have:
1√
2
exp{−ik2
(
cˆ†AcˆA
)2 (
e−iωmt + iωmt − 1
)
}|1〉A|0〉B|β〉 = 1√
2
|1〉A|0〉B|β〉 =
=
1√
2
exp{−ik2
(
e−iωmt + iωmt − 1
)
}|1〉A|0〉B|β〉 = 1√
2
|1〉A|0〉B|β〉 . (3.51)
Adopting Eqs. (3.48), (3.50), and (3.51) we have:
1√
2
exp{− i
~
Hˆt}|1〉A|0〉B|β〉 = 12e
−iωct exp{−kβ
(
e−iωmt − 1
)
}·
exp{k2
(
e−iωmt + iωmt − 1
)
+
k2
2
∣∣∣e−iωmt − 1∣∣∣2}·
exp{−kβ
2
(
1 − e−iωmt
)
− kβ
∗
2
(
1 − eiωmt
)
}|1〉A0B|βe−iωmt − k
(
e−iωmt − 1
)
〉 =
=
1√
2
e−iωmt exp{k2
(
e−iωm + iωmt − 1
)
+ k2 (1 − cos (ωmt))}·
exp{k
2
[
β
(
1 − e−iωmt
)
− β∗
(
1 − eiωmt
)]
}|1〉A|0〉B|βe−iωmt − k
(
e−iωmt − 1
)
〉 =
=
1√
2
e−iωmt exp{k2 (cos (ωmt) − i sin (ωmt) + iωmt − 1)}·
exp{k2 [1 − cos (ωmt)] + ikIm
[
β
(
1 − e−iωmt
)]
}|1〉A|0〉B|βe−iωmt − k
(
e−iωmt − 1
)
〉 =
=
1√
2
exp{−iωmt} exp{ik2θ (t) + ikIm
[
β
(
1 − e−iωmt
)]
}|1〉A|0〉B|βe−iωmt + α (t)〉 ,
(3.52)
where:
θ (t) ≡ ωmt − sin (ωmt) , α (t) ≡ −k
(
e−iωmt − 1
)
. (3.53)
In conclusion, summing Eq. (3.45) and (3.52) we obtain the expression of the state
at a generic instant t:
|ψ (t)〉 = 1√
2
[
eik
2θ(t)e−iIm(α
∗βe−iωmt)|1〉A|0〉B|βe−iωmt + α (t)〉 + |0〉A|1〉B|βe−iωmt〉
]
,
(3.54)
This is the state of the system at t , 0. It has the form of a Schrödinger-cat state,
i.e. there is entanglement between mirror and photon.
In the first term on right hand side, the motion of the mirror is altered by the radi-
ation pressure of the photon in the arm A. Such displacement is quantified by the
parameter k in units of the size of the coherent state wave packet. In the second
term on right hand side, instead, the mirror is obviously not displaced because the
photon is in arm B.
It is very interesting that at a generic instant there is entanglement between photon
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and mirror, but it disappears at t = 2pinωm . In fact, at t =
2pin
ωm
, we have:
1√
2
[
eik
2[2pin]|1〉A|0〉B|βe−i2pin − k
(
ei2pin − 1
)
〉 + |0〉A|1〉B|βe−i2pin〉
]
=
=
1√
2
[
ei(4pin)pik
2 |1〉A|0〉B + |0〉A|1〉B
]
|β〉 , (3.55)
that is, the state of photon and mirror becomes separable again.
Only in these cases we are able to indicate separately the states for mirror and
photon. In general, we know just the composite state in Eq. (3.54) which is pure;
however, photon and mirror are no longer in a pure states by themselves. When
we dispose of the pure state of the whole composite system, in order to extract
information regarding the state of a subsystem, we should calculate its reduced
density operator. Only in this way we can describe the state of such subsystem.
The derivation of the reduced density operator for the photon will be the purpose
of the next section.
3.3 Density operator
We have previously studied the state of the whole system at a generic instant t , 0
and we found that, with the exception of a denumerable set of instants t = 2pinωn ,
with n ∈ N, it is an entangled state. In the case of an entangled state of Eq. (3.54),
we cannot directly infer anything about the state of a single subsystem. In order to
describe this situation, we have to evaluate the relevant reduced density operator,
first of all.
In this section, we will derive the reduced density matrix for the photon, which
consists of the effective, formal, representation of its state. In particular, its off-
diagonal elements will be the tool for quantitative evaluation of photon interference
effects, and relating decoherence processes undergone by the photon.
Afterwards, we will generalize our model supposing that the mirror is in a thermal
mixture of coherent states, rather than in a single coherent state: then, we shall
employ the density operator to discuss the impact of several physical parameters,
such as temperature, suggesting how to tune on these parameters in order to im-
prove visibility of interference.
3.3.1 Photon reduced density operator
The density operator of the whole system is:
ρˆT (t) = |ψ (t)〉〈ψ (t) | , (3.56)
where |ψ (t)〉 is the pure state shown in Eq. (3.54). This density operator projects,
at each instant t, the system state on the pure state vector in Eq. (3.54), In general,
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the photon will not remain in a pure state. Its state, instead, is described by the
reduced density operator defined as:
ρˆ (t) = Trn
[
ρˆT (t)
]
=
+∞∑
n=0
〈n|ψ (t)〉〈ψ (t) |n〉 , (3.57)
where {|n〉}n=0...∞ are eigenstates of harmonic oscillator, i.e. we are tracing with
respect to the mirror eigenstates.
In order to evaluate Eq. (3.57) we insert Eq. (3.54):
ρˆ =
1
2
∞∑
n=0
[
〈n|βe−iωmt〉〈βe−iωmt|n〉|0〉A|1〉B〈0|A〈1|B
]
+
1
2
∞∑
n=0
[
〈n|βe−iωmt + α (t)〉〈βe−iωmt + α (t) |n〉|1〉A|0〉B〈1|A〈0|B
]
+
1
2
∞∑
n=0
[
e−iIm(α
∗βe−iωmt)+ik2[ωmt−sinωmt]〈n|βe−iωmt + α (t)〉〈βe−iωmt|n〉|1〉A|0〉B〈0|A〈1|B
]
+
1
2
∞∑
n=0
[
e+iIm(α
∗βe−iωmt)−ik2[ωmt−sinωmt]〈n|βe−iωmt〉〈βe−iωmt + α (t) |n〉|0〉A|1〉B〈1|A〈0|B
]
,
(3.58)
where α (t) = k
(
1 − e−iωmt
)
. The next step is to calculate the following sum:
∞∑
n=0
〈n|z〉〈w|n〉 . (3.59)
where the states |z〉 and |w〉 denote |βe−iωmt〉 or |βe−iωmt + α (t)〉, respectively.
For this purpose, keeping in mind Eq. (3.2), we obtain:
〈n|z〉 = e− |z|
2
2
zn√
n!
〈w|n〉 = e− |w|
2
2
(w∗)n√
n!
. (3.60)
Inserting into Eq. (3.59), we find:
∞∑
n=0
〈n|z〉〈w|n〉 = exp
[
−|z|
2
2
− |w|
2
2
+ zw∗
]
. (3.61)
Eq. (3.61) permits us to calculate the the reduced density matrix for the photon.
We begin with the diagonal elements:
ρ11 = 〈0|B〈1|Aρˆ|1〉A|0〉B , ρ22 = 〈1|B〈0|Aρˆ|0〉A|1〉B . (3.62)
They correspond to the case in which z = w ≡ η, with η = βe−iωmt for ρ11, and
η = βe−iωmt + α (t) for ρ22. Inserting this in Eq. (3.61) we have:
exp
[
−|η|
2
2
− |η|
2
2
− ηη∗
]
= 1 . (3.63)
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With this result the sum in Eq. (3.59) is equal to one, regardless of the value taken
by η, and from Eq. (3.58), the diagonal elements of the photon reduced density
matrix are obtained as:
ρ11 = ρ22 =
1
2
(3.64)
Next, we consider the off-diagonal matrix elements:
ρ21 = ρ
∗
12 = 〈0|B〈1|Aρˆ|0〉A|1〉B , (3.65)
corresponding to the case in which:
z = βe−iωmt , w = βe−iωmt + k
(
1 − e−iωmt
)
. (3.66)
Their absolute values are:
|z|2 = |β|2 , |w|2 = |β|2 + k2
∣∣∣1 − e−iωmt∣∣∣2 + 2Re [βk (e−iωmt − 1)] . (3.67)
The quantity k2
∣∣∣1 − e−iωmt∣∣∣2 can be expressed as:
k2
∣∣∣1 − e−iωmt∣∣∣2 = k2 [(1 − cos (ωmt))2 + sin2 (ωmt)] =
= k2
[
1 + cos2 (ωmt) + sin2 (ωmt) − 2 cos (ωmt)
]
=
= 2k2 [1 − cos (ωmt)] . (3.68)
It follows that:
|w|2 = |β|2 + 2k2 [1 − cos (ωmt)] + kβ
(
e−iωmt − 1
)
+ β∗k
(
eiωmt − 1
)
, (3.69)
where we employed the relation:
2Re
[
βk
(
e−iωmt − 1
)]
= kβ
(
e−iωmt − 1
)
+ β∗k
(
eiωmt − 1
)
. (3.70)
To apply Eq. (3.61) we need:
zw∗ = βe−iωmt
[
β∗eiωmt + k
(
1 − eiωmt
)]
=
= |β|2 + kβ
(
e−iωmt − 1
)
. (3.71)
Finally, replacing Eq. (3.67), (3.69), (3.71) in Eq. (3.61), we obtain:
−|β|
2
2
− |β|
2
2
+ |β|2 − k
2
β
(
e−iωmt − 1
)
− β∗ k
2
(
eiωmt − 1
)
+kβ
(
e−iωmt − 1
)
− k2 [1 − cos (ωmt)]
=
k
2
[
β
(
e−iωmt − 1
)
− β∗
(
eiωmt − 1
)]
− k2 [1 − cos (ωmt)]
=kiIm
[
β
(
e−iωmt − 1
)]
− k2 [1 − cos (ωmt)] , (3.72)
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in which we used the relation:
kiIm
[
β
(
e−iωmt − 1
)]
=
k
2
[
β
(
e−iωmt − 1
)
− β∗
(
eiωmt − 1
)]
(3.73)
Implementing this results in Eq. (3.58), off-diagonal elements of the photon re-
duced density operator we find:
ρ21 = ρ
∗
12 =
1
2
e2ikIm[β(e
−iωmt−1)]−k2[1−cos(ωmt)]e−ik
2[ωmt−sin(ωmt)] . (3.74)
Summarizing, the reduced density matrix respect for the photon with respect
to the basis {|1〉A|0〉B, |0〉A|1〉B}, at a time t, is:
ρˆ (t) =
(
1
2
1
2 e
−k2[1−cos(ωmt)]−2ikIm[β(e−iωmt−1)]+ik2[ωmt−sin(ωmt)]
c.c. 12
)
. (3.75)
It is important to note that at t = 2pinωm , with n ∈ N, Eq. (3.75) becomes:
ρˆ
(
2pin
ωm
)
=
( 1
2
1
2
1
2
1
2
)
. (3.76)
In this case we have ρˆ2 = ρˆ, so that the photon is in a pure state. At all othe times
it is in a mixed state.
This fact is in agreement with the results obtained in the previous section: the in-
stants in which the photon is in a pure state correspond to those where there is
no entanglement. As we already remarked, only in these cases, we are able to
describe the photon by a single state, independent from the mirror. Obviously, in
these instants, also the mirror is represented by a single state, independent from the
photon.
Conversely, when there is entanglement between photon and mirror, it is impos-
sible to assign to the photon a single pure state and the appropriate formal tool
to represent the photon state is the reduced density matrix of Eq. (3.57) and Eq.
(3.75).
According to the physical interpretation of the reduced density matrix, this result
corresponds to a loss of information regarding the photon state, i.e. we do not
know in which arm the photon is, but just the classical probability to find it in each
of them. In conclusion, quantum coherence will rest a global property of whole
system, as already inferred by Eq. (3.56), but can generally not be detected as
a property of the photon alone. This is what leads to decoherence effects in the
photon density submatrix.
3.3.2 Averaged density matrix elements
In the previous subsection we worked under the hypothesis that the mirror is in a
coherent state. here we generalize this by assuming that the mirror is in a thermal
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mixture of such states.
Precisely, the mirror state is described by the following ensemble:
{|β〉, 1
pin¯
e−
|β|2
n¯ } , (3.77)
namely, the mirror has a probability P (β) = 1pin¯ e
− |β|2n¯ of being in the state |β〉 [10],
where:
n¯ =
1
e
~ωm
kT − 1
, (3.78)
is the mean number of excitations, at temperature T .
The aim of this subsection is to compute the averaged matrix elements of the
photon reduced density matrix with respect to the distribution in Eq. (3.77).
First, since this distribution is normalized, the average does not alter diagonal ele-
ments because they do not depend on β. Thus:
< ρ11 >β=< ρ11 >β=
1
2
. (3.79)
The calculation of averaged off-diagonal elements is more difficult because they
depend on β. In fact:
< ρ21 >β=
1
2pin¯
∫ +∞
−∞
e−k
2[1−cos(ωmt)]+2ikIm[β(e−iωmt−1)]−k2[ωmt−sin(ωmt)]e−
|β|2
n¯ dβ =
=
1
2pin¯
e−k
2[1−cos(ωmt)]−ik2[ωmt−sin(ωmt)]
∫ +∞
−∞
e−
|β|2
n¯ +2ikIm[β(e−iωmt−1)]dβ .
(3.80)
The dependence on this parameter appear in:
Im
[
β
(
e−iωmt − 1
)]
. (3.81)
In order to simplify the integral in Eq. (3.80), we write:
Im
[
β
(
e−iωmt − 1
)]
= Im{
(
βx + iβy
)
[cos (ωmt) − i sin (ωmt) − 1]}
=Im
[
β
(
e−iωmt − 1
)]
= βy [cos (ωmt) − 1] − βx sin (ωmt) , (3.82)
where β = βx + iβy.
Accordingly, the integral in Eq. (3.80) becomes:∫ +∞
−∞
e−
β2x
n¯ −2ikβx sin(ωmt)dβx
∫ +∞
−∞
e−
β2y
n¯ +2ikβy[cos(ωmt)−1]dβy , (3.83)
which can be reduced to simple Gaussian integrals rewriting the exponentials in
the following:
− β
2
x
n¯
− 2ikβx sin (ωmt) = −β
2
x
n¯
− 2ikβx sin (ωmt)
= −
(
βx√
n¯
+ ik
√
n¯ sinωmt
)2
− k2n¯ sin2 (ωmt) , (3.84)
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and likewise:
− β
2
y
n¯
+ 2ikβy [cos (ωmt) − 1] =
= −
(
βy√
n¯
− ik√n¯ [cos (ωmt) − 1]
)2
− k2n¯ [cos (ωmt) − 1]2 . (3.85)
Inserting Eq. (3.84) and Eq. (3.85) into the integrals of Eq. (3.83), we obtain:∫ +∞
−∞
e−
β2x
n¯ −2ikβx sin(ωmt)dβx = e−k
2n¯ sin2(ωmt)
∫ +∞
−∞
e
−
(
βx√
n¯
+ik
√
n¯ sinωmt
)2
dβx (3.86)∫ +∞
−∞
e−
β2y
n¯ +2ikβy[cos(ωmt)−1]dβy = e−k
2n¯[cos(ωmt)−1]2
∫ +∞
−∞
e
−
(
βy√
n¯
−ik√n¯[cos(ωmt)−1]
)2
dβy .
(3.87)
Now, we introduce the variables zx and zy defined as:
zx =
βx√
n¯
+ ik
√
n¯ sinωmt , (3.88)
and:
zy =
βy√
n¯
− ik√n¯ [cos (ωmt) − 1] , (3.89)
such that:
dzx =
dβx√
n¯
and dzy =
dβy√
n¯
. (3.90)
We insert Eq. (3.88) and Eq. (3.89) into Eq. (3.86) and Eq. (3.87), obtaining:
√
n¯e−k
2n¯ sin2(ωmt)
∫ +∞
−∞
e−z
2
xdzx =
√
pin¯e−k
2n¯ sin2(ωmt) , (3.91)
and: √
n¯e−k
2n¯[cos(ωmt)−1]2
∫ +∞
−∞
e−z
2
y dzy =
√
pin¯e−k
2n¯[cos(ωmt)−1]2 . (3.92)
Finally, replacing Eq. (3.91) and Eq. (3.92) into Eq. (3.83), we have:
pin¯e−k
2n¯(sin2(ωmt)+[cos(ωmt)−1]2)
=pin¯e−k
2n¯
[
sin2(ωmt)+cos2(ωmt)+1−2 cos(ωmt)
]
=pin¯e−2k
2n¯[1−cos(ωmt)] . (3.93)
Thus, the averaged off-diagonal density matrix element is:
< ρ21 >β=
1
2
e−(2n¯+1)k
2[1−cos(ωmt)]−ik2[ωmt−sin(ωmt)] , (3.94)
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In conclusion, after the average with respect to the distribution in Eq. (3.77), the
photon reduced density matrix becomes:
ρˆ (t) =
(
1
2
1
2 e
−(2n¯+1)k2[1−cos(ωmt)]−ik2[ωmt−sin(ωmt)]
c.c. 12
)
. (3.95)
We point out that the average performed in this subsection alters the time-dependence
of only the off-diagonal matrix elements, by affecting the parameter dependence.
The system is, also in this case, in a pure state for t = 2pinωm , whereas, for t ,
2pin
ωm
it is
in mixed state.
The principal result we obtained here consists in the temperature dependence. We
will discuss in the following how to vary this parameter, in order to reduce deco-
herence, i.e. to increase visibility of interference.
3.4 Decoherence process
3.4.1 Mirror induced decoherence
We have calculated the off-diagonal matrix elements of the reduced density opera-
tor for the photon, first in the case in which the initial state of the mirror is a pure
coherent state, then supposing that it is a thermal mixture of such states, which
introduce a temperature dependence.
The off-diagonal matrix element is the relevant quantity for a quantitative analysis
of mirror induced decoherence, i.e. for the control of the visibility of interference.
The visibility of interference is given by its modulus:
∣∣∣< ρ12 >β∣∣∣ = 12e−(2n¯+1)k2[1−cos(ωmt)] . (3.96)
In Figures, we show the the behavior of this expression respect to time.
It turns out that the visibility of interference assumes its maximum value at
t = 0, when, as shown in Eq. (3.55) there is no entanglement and the photon is
in a pure state. For t > 0 the visibility of interference starts to decay taking its
minimum value for t = piωm . From a physical point of view, for t > 0, entanglement
establishes between photon and mirror and the photon loses its initial coherence,
switching from the initial coherent superposition to a statistical mixture.
After half a period of oscillation of the mirror, we witness a revival of visibility of
interference. In fact, after assuming its minimum value at t = piωm , the visibility of
interference increases again, until it reaches its maximum value again at t = 2piωm ,
i.e. after a period of oscillation of the mirror. This fact is consistent with what
has been seen previously: after a period of oscillation of the mirror, i.e at t = 2piωm ,
entanglement disappears and the photon comes back to its initial pure state.
The decrease of the visibility of interference is quantified by a decoherence timescale
tdec. In order to provide a quantitative estimate for tdec, we recall Eq. (3.96). In
34CHAPTER 3. STUDYOFDECOHERENCE IN THEQUANTUMMECHANICALAPPROACH
1 2 3 4 5 6
x
0.1
0.2
0.3
0.4
0.5
0.6
Modulus of Ρ 12
Figure 3.1: Time evolution of the modulus of the averaged off diagonal element
of the density operator for k = 1 and ωm = 2pi · 500Hz. On the abscissa we have
x = ωmt.
The dashed line is for T = 10−8K while the thick and dotted lines correspond to
T = 10−7K and T = 10−6K, respectively.
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Figure 3.2: Time evolution of modules of the averaged off diagonal element of the
density operator for k = 1 and ωm = 2pi · 500Hz. On the abscissa we have x = ωmt,
from 0 to 0.30.
The dashed line is the plot related to T = 10−3K while the thick and dotted line
correspond to T = 10−4K and T = 10−5K respectively.
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Figure 3.3: In this picture we have the same plot of the Figure 2 from 6 to 2pi.
fact, for times close to zero, we have:
1
2
e−(2n¯+1)k
2[1−cos(ωmt)] ≈ 1
2
e
−(2n¯+1)k2
[
1−
(
1−ω2mt22
)]
=
1
2
e−(n¯+1)k
2 (ωmt)2
2 , (3.97)
where we have used the expansion cos (x) = 1 − x22 + o
(
x4
)
, which gives:
tdec ≈ 1
kωm
√
n¯ + 1
. (3.98)
Recalling Eq. (3.78), we have:
n¯ =
1
e
~ωm
KT − 1
≈ 1
1 + ~ωmKT − 1
∼ T , (3.99)
for ~ωmKT < 1. Accordingly:
tdec ∼ 1√
T
, (3.100)
namely, the decoherence timescale tdec increases if temperature T decreases.
This is an important result which can be deducted also from the previous figures:
in order to optimize the visibility of interference is suitable to work at the lowest
possible temperature.
In the following table, we present values of the decoherence time for several values
of temperature:
Temperature Decoherence Time
10−3 K 3 · 10−6 sec
10−4 K 9.8 · 10−6 sec
10−5 K 3.1 · 10−5 sec
10−6 K 9.6 · 10−5 sec
(3.101)
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These data are related to k ≈ 1 and ωm = 2pi · 500Hz.
3.4.2 Environment induced decoherence
In the previous sections, we have studied the loss of coherence suffered by the
photon due to the coupling with the center of the mass of the moving mirror. Nev-
ertheless, there is another decoherence process which must be considered in the
analysis of this system, namely that produced by the interaction with the environ-
ment, that is all not controllable degrees of freedom which do not directly enter in
the description of the system.
To evaluate this decoherence process, we model the mirror environment by a bath
of harmonic oscillators[2]. The effect of this bath can approximately be described
by the following decoherence rate:
γD =
γmKT M (∆x)2
~2
, (3.102)
in which:
• γm is the damping factor for each harmonic oscillator of the bath. Note that
it has the dimension of a frequency.
• T is the temperature of the environment, which is constituted mainly by
internal degrees of freedom of the mirror.
• ∆x is the separation of two coherent states that are originally in superposi-
tion.
This approximation is strictly valid only for times much longer than 2piωm and for ∆x
large compared to the width of the individual wavepackets.
For a coherent state we have ∆x ∼
√
~
Mωm
, thus Eq. (3.102) becomes:
γD ∼ γm~KT M
~2ωmM
=
KT
Q~
, (3.103)
where Q ≡ ωmγm is the quality factor of the oscillators which model the environment.
We point out that γD does not depend from the mirror mass.
The inverse of γD defines the decoherence timescale:
tdec =
Q~
KT
. (3.104)
Therefore, we can use Eq. (3.103) to provide some numerical estimates for this
quantity. In the following table we report some numerical values for tdec for differ-
ent temperature, for the value of Q ≈ 105 achieved in [32].
Temperature tdec
10−3 K 10−3 sec
10−4 K 10−2 sec
10−5 K 10−1 sec
10−6 K 1 sec
(3.105)
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Note that these times values are all larger than the oscillation’s period of the mirror,
which for ωm = 2pi · 500Hz amounts to:
Tm =
2pi
ωm
= 2 · 10−3sec . (3.106)
The condition tdec > Tm should be satisfied, in order to observe the revival of
the coherence described in the previous subsections. Therefore, we can adopt this
criterion to select the acceptable range of temperatures.
3.5 Relation to measurable quantities
We have performed a quantitative evaluation of the mirror induced decoherence,
the process responsible for the damping of photon interference. The formal tool
we used for this kind of analysis is the off-diagonal element of the photon reduced
density matrix. However, this off-diagonal matrix element is just a theoretical ob-
ject, which cannot be measured directly.
In this section, we relate this matrix element to some measurable physical quanti-
ties. These measurable quantities are the probabilities to detect the photon in the
detectors D1 or D2. In fact, as hinted in Chapter 1, after the photon has gone
through the whole interferometer, it is absorbed by one of the two detectors. We
show that the probability to detect the photon at a fixed instant t in D1 or D2 de-
pends on the off-diagonal matrix element of the photon reduced density operator.
In this way, measuring these probabilities, we can obtain the off-diagonal density
operator.
3.5.1 Projectors related to the detectors
In order to calculate the detection probability introduced above, we have to develop
some mathematical instruments, such as the projectors related to the state of each
detector. Hence, we have to describe the form of the photon states related to the
arms where the two detectors are located.
For this purpose, we point out that according to the results described in [22] the
interferometer behaves like an unitary operator Bˆ, such that:(
a′1
a′2
)
= Bˆ
(
a1
a2
)
, (3.107)
where a1 and a2 are the coefficients associated to the photon states in arm A and
B in the basis {|1〉A|0〉B, |0〉A|1〉B}, while a′1 and a′2 are the coefficients associated
to the photon states with respect to the basis {|D1〉, |D2〉}, representing the states
where there is only one photon in the arm in which the detectors D1 and D2 are
located, respectively. To determine Bˆ in the above basis we write:
Bˆ =
(
a b
c d
)
. (3.108)
38CHAPTER 3. STUDYOFDECOHERENCE IN THEQUANTUMMECHANICALAPPROACH
Imposing BˆBˆ† = Iˆ, we obtain:(
a b
c d
) (
a c∗
b∗ d
)
=
(
1 0
0 1
)
, (3.109)
which implies:
a2 + b2 = 1 , c2 + d2 = 1 , a∗c + b∗d = 0 . (3.110)
In agreement with the physical meaning of this matrix we put:
a = d = T , b = −c = R , (3.111)
where T and R are, respectively, the transmission and reflectivity coefficients of the
mirror and, since it is a 50 ÷ 50, it follows that:
a = d =
1√
2
, b = −c = 1√
2
, (3.112)
Accordingly:
Bˆ =
 1√2 1√2− 1√
2
1√
2
 . (3.113)
Now, in order to obtain the state which gives |D1〉, when applying Bˆ, we calculate:
Bˆ−1|D1〉Bˆ−1
(
1
0
)
= Bˆ†
(
1
0
)
=
 1√2 − 1√21√
2
1√
2
 (10
)
. (3.114)
This gives:
|D1〉 = 1√
2
(|1〉A|0〉B + |0〉A|1〉B) . (3.115)
Likewise:
|D2〉 = 1√
2
(−|1〉A|0〉B + |0〉A|1〉B) . (3.116)
Finally, the corresponding projectors are:
Pˆ1 = |D1〉〈D1| = 12 {|1〉A|0〉B〈1|A〈0|B + |1〉A|0〉B〈0|A〈1|B (3.117)
+|0〉A|1〉B〈1|A〈0|B + |0〉A|1〉B〈0|A〈1|B} , (3.118)
which, with respect to the basis {|1〉A|0〉B, |0〉A|1〉B}, can be written as:
Pˆ1 =
(1
2
1
2
1
2
1
2
)
. (3.119)
Similarly:
Pˆ2 = |D2〉〈D2| = 12 {|1〉A|0〉B〈1|A〈0|B − |1〉A|0〉B〈0|A〈1|B (3.120)
−|0〉A|1〉B〈1|A〈0|B + |0〉A|1〉B〈0|A〈1|B} , (3.121)
or, in a matrix form:
Pˆ2 =
( 1
2 − 12
− 12 12
)
. (3.122)
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3.5.2 Probability to detect a photon
We have now all ingredients to calculate the probabilities to detect a photon in one
of the two detectors D1 and D2. They are defined, in the most general case of a
mixed state, as:
Pi (t) = Tr
(
ρˆ (t) Pˆi
)
i = 1, 2 , (3.123)
where, from Eq. (3.95), we have:
ρˆ =
1
2
(
1 f (t)
f ∗ (t) 1
)
, (3.124)
with:
f (t) =
1
2
e−(2n¯+1)k
2[1−cos(ωmt)]−ik2[ωmt−sin(ωmt)] . (3.125)
In order to evaluate Eq. (3.123) for i = 1, we have to calculate the following matrix
product:
1
2
( 1
2
1
2
1
2
1
2
) (
1 f (t)
f ∗ (t) 1
)
=
( 1
4
[
1 + f ∗ (t)
] 1
4
[
1 + f (t)
]
1
4
[
1 + f ∗ (t)
] 1
4
[
1 + f (t)
]) , (3.126)
and tracing, it follows that:
P1 (t) = Tr
(
ρˆν (t) Pˆ1
)
=
1
2
+
1
2
[
f (t) + f ∗ (t)
]
=
1
2
[
1 + Re{ f (t)}] . (3.127)
Using Eq. (3.125) into Eq. (3.127), we obtain:
P1 (t) =
1
2
[
1 + e−k
2[1−cos(ωmt)] cos{k2 [ωmt − sinωmt]}
]
, (3.128)
in the same manner:
P2 (t) =
1
2
[
1 − e−k2[1−cos(ωmt)] cos{k2 [ωmt − sinωmt]}
]
. (3.129)
In accordance with their probabilistic meaning, we have P1 (t)β + P2 (t) = 1 for
each value of the time t.
In Figures 3.4, 3.5, 3.6, and 3.7 we present the probabilities of Eq. (3.128) and Eq.
(3.129) for several values of the temperature.
3.6 Experimental considerations
In the previous section, we have assigned numerical values to the physical param-
eters characterizing the system. Here, we discuss the experimental requirements
for achieving a coherent superposition and observing its revival at t = 2piω . In this
way, we justify the numerical values used until now, and which will be used also
in the following. One of the most important conditions is that the momentum kick
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Figure 3.4: Time evolution of P1 for k = 1 and ωm = 2 · pi · 500Hz. On the
abscissa we have x = ωmt from 0 to 0.02. The dotted line represents the result for
T = 10−3K, while the thick and dashed lines are for T = 10−4K and T = 10−5K,
respectively.
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Figure 3.5: Time evolution of P1 for k = 1 and ωm = 2 · pi · 500Hz. On the abscissa
we have x = ωmt from 6 to 2pi. The dotted line represents the result for T = 10−3K,
while the thick and dashed lines are for T = 10−4K and T = 10−5K, respectively.
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Figure 3.6: Time Evolution of P2 respect k = 1 and ωm = 2 · pi · 500Hz. On the
abscissa we have x = ωmt from 0 to 0.02. The dotted line represents the results for
T = 10−5K, while the thick and dashed lines are for T = 10−4K and T = 10−3K,
respectively.
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Figure 3.7: Time Evolution of P2 respect k = 1 and ωm = 2 · pi · 500Hz. On the
abscissa we have x = ωmt from 6 to 2pi. The dotted line represents the result for
T = 10−5K, while the thick and dashed line are for T = 10−4K and T = 10−3K,
respectively.
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imparted by the photon has to be larger than the initial quantum uncertainty of the
mirror momentum. This requirement is equivalent to the following relation:
k2 =
 1ωm ωcL
√
~
2Mωm

2
& 1 . (3.130)
Before demonstrating this equivalence we rewrite Eq. (3.130) in more useful form.
Consider the equality:
ωc =
2pic
λ
, (3.131)
where λ is the wavelength of the photon. The expression in Eq. (3.131) is the
dispersion relation for the photon. Moreover, we have:
2NL
c
=
2pi
ωm
, (3.132)
where N is the number of photon roundtrips inside the cavity during one oscillation
period of the mirror, 2Lc is the roundtrip time and
2pi
ωm
is the oscillation period of the
mirror.
We can use Eq. (3.132) and Eq. (3.131) to rewrite Eq. (3.130) as: 1ωm ωcL
√
~
2Mωm

2
=
(
NL
cpi
2pic
Lλ
)2 (
~NL
2cMpi
)
=
2~N3L
cλ2piM
& 1 , (3.133)
which re-expresses the above requirement.
Next, we show that this is equivalent to assume that the momentum kick im-
parted by the photon has to be larger than the initial quantum uncertainty of the
mirror momentum. The momentum kick imparted by the photon on the mirror can
be evaluated as:
~ωc
c
−
(
−~ωc
c
)
=
2~ωc
c
, (3.134)
where the minus sign in the bracket of the second term comes from the inversion
of the motion direction of the photon after the collision with the mirror. Therefore,
during the whole oscillation period of the mirror, we have:
2N~ωc
c
=
4Npi~
λ
. (3.135)
Regarding the momentum uncertainty of the mirror, we will use of the two follow-
ing equalities:
∆p∆x =
~
2
, (3.136)
and:
∆x =
√
~
2Mωm
, (3.137)
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which both arise from the fact that the mirror is in a coherent state or in a mixture
of such states.
Inserting Eq. (3.137) into Eq. (3.136), we obtain:
∆p =
~
2
√
2Mωm
~
=
√
M~ωm
2
. (3.138)
Therefore, imposing that the momentum kick according to Eq. (3.135) is much
greater than the momentum uncertainty found here, we deduct:
4Npi~
λ

√
M~ωm
2
. (3.139)
If we square both sides, we arrive at:
32N2pi2~
Mωmλ2
 1 . (3.140)
Recalling Eq. (3.132), we write:
1
ωm
=
NL
cpi
, (3.141)
and inserting it into Eq. (3.140) gives finally:
32piLN3~
cMλ2
 1 , (3.142)
which is essentially equivalent to the condition expressed in Eq. (3.133)
In any case, these relations are important, because they allow to compare several
physical quantities in order to specify their values for each of them. We note that
they are not indipendent: for example, the choice of the mirror size, and thus its
mass, cannot be made regardless of the selection of the photon wavelenght. It is
clear that a too massive mirror is not suitable, if the photon radiation pressure is not
sufficiently large. On the other hand, a too small mirror tends to enlarge diffraction
effects, representing losses. The diffraction effects are implicitly quantified by:
λ
D
, (3.143)
where D is the lateral arris of the mirror. We have to find the smallest value for this
compatible for our previous considerations.
In particular, the wavelength cannot be chosen to small since good mirrors does not
exist for high energy photons. The following values are suitable for the experiments
under consideration [10]:
• λ ≈ 630nm, i.e. photon in the optical regime;
• D ≈ 1µm, related to M ≈ 5 × 10−12Kg.
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With these values we have:
λ
D
≈ 630 · 10
−9m
10−6m
≈ 6 × 10−5 . (3.144)
Under these conditions, diffraction is not problematic.
What about L? Obviously, the cavity must contain the mirror, but L cannot be too
large because it is important to assure a limited focus on the mirror. We can pro-
pose L = 5cm.
Taking these considerations into account, we estimate a value for N from Eq.
(3.133):
N3 ≈ cpiMλ
2
2~L
≈
3 · 3 × 108 ms · 5 · 10−12kg ·
(
630 · 10−9m
)2
2 · 5 · 10−2m · 10−34J · s ≈ 90 · 10
18 , (3.145)
therefore:
N ≈ 4.5 · 106 . (3.146)
We can use the values obtained for N and L to estimate ωm:
ωm ≈ cpiNL ≈
3pi · 108 ms
4.5 · 106 · 5 · 10−2m ≈ 2pi · 500Hz , (3.147)
which completes our discussion of physical parameter of the Marshall et.al. op-
tomechanical system.
Chapter 4
Hybrid Theory
4.1 Introduction
Hybrid theories aim to study systems where a classical and a quantum sector coex-
ist and interact.
This kind of theories have been researched through decades for practical reasons,
as well as, from a theoretical point of view. It was recognized early that such the-
ories should have an impact on the measurement problem [14] and, naturally, for
attempts to describe consistently the interaction between quantum matter and clas-
sical space-time [15].
However, it may be worth wile to comment further on the relevance of hybrid
dynamics, even if no modification of quantum theory is intended. There is clearly
practical interest in various forms of hybrid dynamics, particularly in nuclear atomic
or molecular physics. In all these cases hybrid dynamics is considered as an ap-
proximate description of an intrinsecally quantum mechanical composite object:
this has produced new insights, such as an alternative derivation of geometric forces
and Berry’s phase [31].
Here, we present the hybrid theory elaborated in a series of articles [17, 18, 19].
This incorporates the work of Heslot [20], who has demonstrated that quantum the-
ory can entirely be rephrased in the language and formalism of classical analytical
mechanics Accordingly, we first present Heslot’s formulation of quantum mechan-
ics, leading to a description by means of a set of real quantities that behave like
canonical variables. Finally, we shall adopt this approach to study the dynamics of
quantum-classical hybrid systems.
4.2 Hamiltonian formulation of quantum mechanics
In this section we review the Hamiltonian version of quantum theory proposed by
Heslot in [20]. Heslot proceeds providing a generalization of classical mechan-
ics and showing that quantum mechanics can be inferred just as a particular case
of such generalized structure. We first show that this framework is obtained from
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a particular real representation of the quantum states, allowing to deal with them
by real time-dependent functions which play the role of canonical variables. Af-
terwards, we present how to describe observables and temporal evolution of the
state.
4.2.1 Oscillator representation
Physical pure states of a quantum system are represented by vectors of a complex
Hilbert spaceH . We indicate such vectors by the Dirac notation, |ψ〉. Particularly,
since vectors differing by a multiplicative complex constant are physically equiva-
lent, i.e. represent the same quantum state, we introduce the following equivalence
relation:
|ψ〉 ∼ |ψ˜〉 ⇔ ∃α ∈ C s.t. |ψ〉 = α|ψ˜〉 . (4.1)
The quotient set induced by such equivalence relation, H˜ , is called projective space
and the equivalence classes contained within it are called rays. Therefore, we say
that physical states of a quantum system are represented by rays of a complex
projective Hilbert space. In the rest of the discussion, we indicate the projective
Hilbert space byH and we will consider, as the representative state of each equiv-
alence class, the normalized state, i.e. the state |ψ〉 characterized by:
〈ψ (t) |ψ (t)〉 = 1 , (4.2)
valid for every instant of time in Schrödinger picture. Eq. (4.2) is an essential
ingredient of the probability interpretation of the states.
The choice of an orthonormal basis1 {|i〉}i=1,...,+∞ within H gives rise to an iso-
morphism among this space and that of the complex convergent successions `2,
namely the space of the numerable sets of complex numbers {a}i=1,...,+∞ such that∑
i |ai|2 < ∞. In fact:
∀|ψ〉 ∈ H ∃{a}i=1,...,+∞ ∈ `2 s.t. |ψ〉 =
∑
i
ai|i〉 . (4.3)
Such isomorphism is defined representation ofH with respect to {|i〉}i=1,...,+∞. The
notion of representation is crucial in quantum theory, because it allows to switch
from the abstract form of the states Ket, |ψ〉, to objects, say {a}i=1,...,+∞, simpler to
handle from a computational point of view.
We have introduced representations in the most general case of Hilbert space of
infinite dimension, but since we will never have to face in the future with this
context, we restrict ourselves to the case of dimension N ∈ N. However, all the
results we obtain are easily generalized for infinite-dimensional Hilbert space.
With respect the orthonormal basis {|i〉}i=1,...,N in H , we can express any quantum
state |ψ〉 as:
|ψ〉 =
N∑
i=1
ai|i〉 , with , ai ∈ C ∀i ≤ N . (4.4)
1We have tacitly assumed thatH is separable, so that it always contains a denumerable basis.
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We decompose the coefficients ai into their real and imaginary parts:
ai =
1√
2~
[Xi + iPi] , (4.5)
where {Xi, Pi}, with i = 1, ...,N, are real time-dependent functions, because in
the Schrödinger representation the temporal dependence is carried by the states.
Replacing Eq. (4.5) into Eq. (4.4) we obtain:
|ψ〉 = 1√
2~
N∑
i=1
[Xi (t) + iPi (t)] |i〉 . (4.6)
This particular representation is called oscillator representation: its importance
lies in the possibility to describe every quantum state2 by means of a set of real
time-dependent functions {Xi (t) , Pi (t)}, with i = 1, ...,N.
The space generated by {Xi (t) , Pi (t)} is a 2N-dimensionalMmanifold [33, 34, 35]
and it is the analogous of the phase space in classical mechanics3.
4.2.2 Hamiltonian function and Schrödinger equation in oscillator rep-
resentation
Before we deepen the formal implications of the oscillator representation, we dis-
cuss some examples in order to appreciate the usefulness and the peculiarities of
the formalism we are building.
Hamiltonian function
We consider a quantum system whose dynamics is encoded by the Hamiltonian
operator Hˆ. The Hamiltonian function is defined as:
H (ψ) = 〈ψ|Hˆ|ψ〉 . (4.7)
It is just the expectation value of Hamiltonian operator in a particular physical state
|ψ〉.
We find an explicit expression for the Hamiltonian function in Eq. (4.7), adopting
an orthonormal basis {|Ei〉}i=1,...,N of eigenstates for the hamiltonian operator Hˆ, i.e.
a set of vectors satisfying:
Hˆ|Ei〉 = Ei|Ei〉 , 〈Ei|E j〉 = δi j , Iˆ =
∑
i
|Ei〉〈Ei| . (4.8)
Given a generic quantum state |ψ〉, we write, in agreement with Eq. (4.6), the
expansion:
|ψ〉 = 1√
2~
N∑
i=1
[Xi + iPi] |Ei〉 . (4.9)
2We have not considered the normalization of the states. We discuss in detail the consequences
of such property in subsection 2.4.
3In the follow we shall refer it by the term “space of states”.
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Replacing Eq. (4.9) into Eq. (4.7):
H (ψ) =
∑
i, j
1
2~
(Xi − iPi)
(
X j + iP j
)
〈Ei|Hˆ|E j〉 =
∑
i
Ei
2~
(
X2i + P
2
i
)
, (4.10)
in which we have employed Eq. (4.8).
Finally, the Hamiltonian function is:
H (Xi, Pi) =
∑
i
Ei
2~
[
X2i + P
2
i
]
. (4.11)
It represents a functional on the space of statesM. The Hamiltonian function is a
quadratic form of both Xi and Pi, which explains the name “oscillator representa-
tion”.
Schrödinger Equation
We focus on the Scrödinger equation:
˙|ψ〉 = − i
~
Hˆ|ψ〉 . (4.12)
Using Eq. (4.9) for |ψ〉 we have:∑
i
(
X˙i + iP˙i
)
|Ei〉 = − i
~
∑
i
(Xi + iPi) Hˆ|Ei〉 . (4.13)
Employing Iˆ =
∑
j |E j〉〈E j|, the right-hand side of Eq. (4.13) becomes:∑
i
(Xi + iPi) Hˆ|Ei〉 =
∑
i, j
(Xi + iPi) |E j〉〈E j|Hˆ|Ei〉 =
∑
i, j
H ji (Xi + iPi) |E j〉 ,
(4.14)
with H ji ≡ 〈E j|Hˆ|Ei〉. Exploiting Eq. (4.14) in Eq. (4.13), and projecting on |Ei〉,
we obtain: (
X˙i + iP˙i
)
= − i
~
∑
j
H ji (Xi + iPi) . (4.15)
Next, we calculate:
∂H (Xk, Pk)
∂Pi
=
1
2~
∂
∂Pi
∑
k, j
(Xk − iPk)
(
X j + iP j
)
〈Ek|Hˆ|E j〉
 , (4.16)
where we have used:
H (Xk, Pk) = 〈ψ|Hˆ|ψ〉 = 12~
∑
k, j
Hk j (Xk − iPk)
(
X j + iP j
)
. (4.17)
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Performing the derivative on the right-hand side of Eq. (4.16), we get:
∂H (Xk, Pk)
∂Pi
=
i
2~
∑
k, j
Hk j
[
(Xk − iPk) δi j −
(
X j + iP j
)
δik
]
=
i
2~
∑
k
Hki (Xk − iPk) − i
∑
j
Hi j
(
X j + iP j
)
=
i
2~
∑
j
[
H ji
(
X j − iP j
)
− Hi j
(
X j + iP j
)]
. (4.18)
Similarly:
− ∂H (Xk, Pk)
∂Xi
= − 1
2~
∑
j
[
H ji
(
X j − iP j
)
+ Hi j
(
X j + iP j
)]
. (4.19)
Summing Eq. (4.18) and Eq. (4.19), it follows that:
∂H (Xk, Pk)
∂Pi
− i∂H (Xk, Pk)
∂Xi
= − i
~
∑
j
Hi j
(
X j + iP j
)
, (4.20)
which corresponds to the right-hand side of Eq. (4.15).
Accordingly we can write:
(
X˙i + iP˙i
)
=
∂H (Xk, Pk)
∂Pi
− i∂H (Xk, Pk)
∂Xi
. (4.21)
In conclusion, identifying real and imaginary parts on both sides:
X˙i =
∂H (Xk, Pk)
∂Pi
P˙i = −∂H (Xk, Pk)
∂Xi
. (4.22)
Eqs. (4.22) provide a striking result: they show the form of Hamilton’s equations
induced by the Hamilton function H respect to Xi and Pi. The Hamilton equations
govern the temporal evolution in the Hamiltonian formalism of classical mechan-
ics. The fact that Schrödinger equation takes their form in the oscillator represen-
tation, is a first sigh that a “classical version” of quantum theory can be formulated.
Moreover, Eq. (4.22) suggests a deeper interpretation for the time-dependent func-
tions Xi (t) and Pi (t): the former can be seen as a Lagrangian coordinate, while the
latter as its conjugate momentum. However, several points need to be clarified, in
order to validate this interpretation, which will be the aim of the next subsections.
4.2.3 Formal structure of the space of states
We have introduced the oscillator representation for the physical state of a quantum
system, and analyzed some practical consequences. The next step is to find the
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inner product ofH , 〈ψ|φ〉, in this representation.
We choose an orthonormal basis {|k〉}k=1,...,N inH . We have, ∀|ψ〉, |φ〉 ∈ H :
|ψ〉 = 1√
2~
N∑
i=1
(
Xψ,i + iPψ,i
)
|i〉 , |φ〉 = 1√
2~
N∑
j=1
(
Xφ, j + iPφ, j
)
| j〉 . (4.23)
Then:
〈ψ|φ〉 = 1
2~
N∑
i, j=1
(
Xψ,i − iPψ,i
) (
Xφ, j + iPφ, j
)
〈i| j〉 =
=
1
2~
N∑
i, j=1
(
Xψ,i − iPψ,i
) (
Xφ, j + iPφ, j
)
δi j =
=
1
2~
N∑
j=1
(
Xψ, jXφ, j + Pψ, jPφ, j + iXψ, jPφ, j − iXφ, jXψ, j
)
=
=
1
2~
(
X¯ψ
P¯ψ
)T (
IˆN 0ˆ
0ˆ IˆN
) (
X¯ψ
P¯ψ
)
+
i
2~
(
X¯ψ
P¯ψ
)T ( 0ˆ IˆN
−IˆN 0ˆ
) (
X¯ψ
P¯ψ
)
=
≡ 1
2~
[
gM
(
ψ¯, φ¯
)
+ iωM
(
ψ¯, φ¯
)]
, (4.24)
where IˆN is the N × N identity matrix, and:(
Xψ,1, ..., Xψ,N , Pψ,1, ..., Pψ,N
)
≡
(
X¯ψ, P¯ψ
)
≡ ψ¯ ∈ M , (4.25)
is the 2N-dimensional vector whose first N components are Xψ,i, with i = 1, ...,N,
while the components from N + 1 to 2N are Pψ,i. Similarly for φ¯.
The matrices GˆM and ΩˆM, especially the identity matrix appearing within them,
are related to the basis we fix to introduce the oscillator representation. We con-
sider:
GˆM ≡
(
IˆN 0ˆ
0ˆ IˆN
)
. (4.26)
It is a symmetric and positive definite matrix, and thereby:
gM
(
ψ¯, φ¯
)
= ψ¯TGˆMφ¯ , (4.27)
can be considered as a metric onM. We say that (M, gM) is a Riemannian mani-
fold. Next, we consider:
ΩˆM ≡
(
0ˆ IˆN
−IˆN 0ˆ
)
. (4.28)
It is straightforward to verify that ΩˆM is a symplectic matrix. Hence:
ωM
(
ψ¯, φ¯
)
= ψ¯T ΩˆMφ¯ (4.29)
4.2. HAMILTONIAN FORMULATION OF QUANTUMMECHANICS 51
is a symplectic form and (M, ωM) is a symplectic manifold [36]. In conclusion,
we have shown that, departing from the inner product of the Hilbert space related
to a quantum system, the space of statesM is naturally equipped with both a sym-
plectic and a metric structure.
We underline that this new formal set-up does not modify the foundations of quan-
tum mechanics, but it is just an alternative representation.
4.2.4 Poisson brackets
One of the most important consequences of the symplectic form defined onM is
that it yields a Poisson bracket onM. Precisely, if F (Xi, Pi) and G (Xi, Pi) are two
differentiable functions of (X1, ..., XN , P1, ..., PN) ≡
(
X¯, P¯
)
≡ ψ¯, we construct:
{F,G}M ≡ ωM
(
∇ψ¯F,∇ψ¯G
)
=
2N∑
i, j=1
([
∇ψ¯F
]
i
[
ΩˆM
]i
j
[
∇ψ¯G
]
i
)
=
(∇X¯F
∇P¯F
)T ( 0ˆ IˆN
−IˆN 0ˆ
) (∇X¯G
∇P¯G
)
=
N∑
i=1
(
∂F
∂Xi
∂G
∂Pi
− ∂G
∂Xi
∂F
∂Pi
)
. (4.30)
Such a Poisson bracket allows to identify the cornerstone of this alternative ap-
proach to quantum mechanics. In fact, it is easy to prove that:
∀i, j ≤ N, {Xi, P j}M = δi j and {Xi, P j}M = {Pi, P j}M = 0 , (4.31)
meaning that ∀i ≤ N, Xi (t) and Pi (t) behave like conjugate variables.
Summarizing, thanks to oscillator representation in Eq. (4.6), we can deal with
whatever quantum state |ψ〉 in terms of a set of time-dependent functions (Xi (t) , Pi (t)),
that form a pair of conjugate canonical variables.
In addition, the Poisson bracket determines temporal evolution of any quantity
O (Xi, Pi) by the following equation:
∂O
∂t
= {O,H}M . (4.32)
For instance, Eqs. (4.22) can be recovered from Eq. (4.32), with O = Xi and
O = Pi.
Canonical transformations
Poisson brackets also permit to introduce canonical transformations on the space
of states M. Particularly, they are those transformations with respect to which
the Poisson bracket in Eq. (4.30) is invariant. Moreover, an interesting feature of
canonical transformations on M is their connection with unitary transformations
carried out onH . We discuss this aspect recalling the procedure of [20]. Let Uˆ be
an unitary operator onH and |ψ〉 a quantum state. We get:
|ψ′〉 = Uˆ |ψ〉 . (4.33)
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Choosing an orthonormal basis {|k〉}i=1,...,N inH , we can rewrite Eq. (4.33) as:
λ′k =
∑
l
Uklλl , (4.34)
where Ukl = 〈k|Uˆ |l〉, and λk and λ′k are, respectively, the kth coordinates of |ψ〉 and|ψ′〉 respect to {|k〉}i=1,...,N . We decompose Ukl into its real and imaginary parts:
Ukl = Rkl + iIkl , (4.35)
likewise for λk and λ′k:
λk = Xk + iPk , λ′k = X
′
k + iP
′
k . (4.36)
Replacing Eq. (4.35) and Eq. (4.36) into Eq. (4.34):
X′k + iP
′
k =
∑
l
(Rkl + iIkl) (Xl + iPl) =
=
∑
l
(XlRkl − PlIkl + iXlIkl + iPlRkl) , (4.37)
and identifying yet real and imaginary parts, we find:
X′k =
∑
l
(XlRkl − PlIkl) (4.38)
P′k =
∑
l
(XlIkl + PlRkl) (4.39)
They represent the variables used to describe the state |ψ′〉 = Uˆ |ψ〉 in our formal-
ism. Our goal is to verify that X′k and P
′
k remain canonical variables, as Xk and Pk,
namely:
{X′k, P′l}M =
∑
j,m
{
(
X jRk j − P jIk j
)
, (XmIlm + PmRlm)}M =
=
∑
j,m
[
Rk jIlm{X j, Xm}M − Ik jIlm{P j, Xm}M + Rk jRlm{X j, Pm}M − Ik jRlm{P j, Pm}M
]
=
=
∑
j,m
[
Rk jRlmδ jm + Ik jIlmδm j
]
=
∑
j
[
Rk jRl j + Ik jIlm
]
. (4.40)
That is:
{X′k, P′l}M =
∑
j
[
Rk jRl j + Ik jIlm
]
. (4.41)
This expression can be further evaluated:
δkl = 〈k|l〉 = 〈k|UˆUˆ†|l〉 =
∑
j
Uk jU
†
jl =
∑
j
Uk jU∗l j =
=
∑
j
(
Rk j + iIk j
) (
R jl − iI jl
)
=
∑
j
[
Rk jRl j + Ik jIlm
]
+
(
imaginary party
)
.
(4.42)
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Since δkl is real, the imaginary part must be zero. Therefore:
δkl =
∑
j
[
Rk jRl j + Ik jIlm
]
. (4.43)
Putting Eq. (4.43) into Eq. (4.41), we have:
{X′k, P′l}M = δkl . (4.44)
In the same manner we find:
{X′k, X′l }M = {P′k, P′l}M = 0 ∀k, l ≤ N . (4.45)
In summary, we have shown that an unitary transformation Uˆ performed onH in-
duces a canonical transformation onM with respect to the Poisson bracket in Eq.
(4.30).
It is important to underline that the converse is in general not true. In fact, as we
shall discuss later, unitary transformations yield automorphisms on M, i.e. they
preserve both the Poisson bracket and the metric structure, while canonical trans-
formations retain just the Poisson bracket.
4.2.5 Normalization of the states
Up to now, we have not considered the normalization of states, i.e. the condition:
〈ψ (t) |ψ (t)〉 = 1 , (4.46)
valid for all times t. The purpose of this subsection is to investigate the implication
of Eq. (4.46) on the formalism we are building.
If we express Eq. (4.46) in the oscillator representation of Eq. (4.6), we find:
〈ψ|ψ〉 = 1
2~
gM
(
ψ¯, ψ¯
)
=
1
2~
N∑
i=1
(
X2i + P
2
i
)
= 1 , (4.47)
where we have exploited Eq. (4.28). Eq. (4.47) implies:
C (Xi, Pi) ≡
N∑
i=1
(
X2i + P
2
i
)
= 2~ , (4.48)
which is a constraint.
The constraint in Eq. (4.48) provides a very important information: each nor-
malized vector ψ¯ = (X1, ..., XN , ..., PN) is constrained to the surface of a 2N-
dimensional hypersphere in M. Such hypersurface, which consists in a 2N − 1-
dimensional manifold [20], is the effective space of states related to a quantum
system, because its points represent different normalized quantum states |Ψ〉, in the
oscillator representation.
The radius of this hypersphere is
√
2~ and, thus, as explained in [20], in the present
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version of quantum theory, Planck’s constant fixes the curvature of the space of nor-
malized quantum states.
Although the purpose of this section is to formulate quantum mechanics in a clas-
sical framework, this constraint, together with gM, present unique, formal differ-
ences between quantum and classical theory [20].
Furthermore, it easy to check that the constraint is conserved under the Hamilto-
nian evolution. In fact:
{C,H}M =
∑
i
[
{X2i ,H}M + {P2i ,H}M
]
, (4.49)
but, recalling Eq. (4.7), we have:
{X2i ,H}M =
∑
j
∂X2i
∂X j
∂H
∂P j
− ∂H
∂X j
∂X2i
∂P j
 = ∑
j
∂X2i
∂X j
∂H
∂P j
=
=2
∑
j,k
EkXiPkδi jδk j = 2EiXiPi . (4.50)
Similarly, we compute {P2i ,H}M = 2EiXiPi. Inserting these results into Eq. (4.49),
it gives {C,H}M = 0, meaning that constraint C is conserved.
4.2.6 Observables
We have carefully described the formal structure constructed on the space of states
M: both a symplectic and a metric manifold. The former allows to introduce
Poisson brackets and thereby canonical transformations, while the latter gives the
constraint in Eq. (4.48), embodying the normalization of states.
The automorphisms of this whole structure are transformations on M preserving
the Poisson bracket and the constraint. We introduce observables as the generators
of such automorphisms4. It means that, if F is an automorphism, we have:
Xk 7→ F (Xk)  Xk + ∂g (Xi, Pi)
∂Pk
δα Pk 7→ F (Pk)  Pk − ∂g (Xi, Pi)
∂Xk
δα ,
(4.51)
where δα is a real infinitesimal parameter and g is the observable inducing the
transformation.
We point out that, while usually in original quantum mechanics observables are
represented by self-adjoint operators, here, in this alternative version, they are dealt
with as smooth real-valued functions g (Xi, Pi) in the space of statesM.
4Let us mention some mathematical aspects [20], that can help to clarify this defintion of observ-
ables. The set including the symplecting manifold (M, ωM) and the Riemannian manifold (M, gM)
can be treated as a category. Automorphisms are the maps of this category retaining the mathematical
structure of its objects, namely are both symplectomorphisms and isometries. Automorphism are dis-
tinguished from canonical transformations because the latter preserves only the Poisson bracket. The
set of the automorphisms, equipped with the composition between several maps, gives rise to a Lie
group. The generators of this Lie group, that is the elements of its Lie algebra, are the observables.
4.2. HAMILTONIAN FORMULATION OF QUANTUMMECHANICS 55
In the proposal of Hamiltonian formulation of quantum theory, this is the most
natural definition of observables, because the role of generators of automorphisms
played by them is a common point among classical and quantum theories5. For
example, we have already underlined that Hamiltonian function acts, also in this
formalism, as generator of time-translations.
Relation between observables and self-adjoint operators
We have emphasized that in this formalism observables are smooth functions,
rather then self-adjoint operators. However, a relation between observables g (Xi, Pi)
and the corresponding self-adjoint operator, say gˆ, can be easily restored.
Let Uˆ be an unitary transformation ofH . We have:
Uˆ  Iˆ − i
~
gˆδα , (4.52)
with gˆ a self-adjoint operator. Fixing an orthonormal basis {|i〉}i=1,...,N in H and
given a state |ψ〉 = ∑k λk|k〉, it follows that λk transforms under map in Eq. (4.52)
according to:
λk 7→ λk − i
~
∑
l
gklλlδα , (4.53)
where gkl = 〈k|gˆ|l〉.
From the self-adjointness of gˆ follows that gkl = g∗lk. Hence the decomposition of
gkl in its real and imaginary part may be written as:
gkl =
gkl + g∗kl
2
+ i
gkl − g∗kl
2i
. (4.54)
Replacing Eq. (4.54) in Eq. (4.53), and distinguishing the real and imaginary parts,
we get:
Xk 7→ Xk +
∑
l
(
gkl + g∗kl
2
Pl + i
gkl − g∗kl
2i
Xl
)
δα ≡ ∂g (Xk, Pk)
∂Pk
, (4.55)
Pk 7→ Pk +
∑
l
(
gkl + g∗kl
2
Xl − i
gkl − g∗kl
2i
Pl
)
δα ≡ ∂g (Xk, Pk)
∂Xk
. (4.56)
Transformations in Eq. (4.55) and Eq. (4.56) must consist in an automorphism,
because they are induced by the unitary transformation in Eq. (4.52). Accordingly,
in agreement with the definition in Eq. (4.51), g (Xk, Pk) is an observable because
it generates such automorphism, and it is just the observable we want to relate to
the self-adjoint operator gˆ.
5In fact, also in quantum mechanics, observables generate unitary transformations, i.e. automor-
phisms of the Hilbert spaces.
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For this goal we consider now the function:
〈ψ|gˆ|ψ〉 =
∑
k,l
gklλ∗kλl =
1
2~
∑
k,l
gkl (Xk − iPk) (Xl + iPl) =
=
1
2~
∑
k,l
gkl [(XkXl + PkPl) + i (XkPl + PkXl)] . (4.57)
Therefore:
∂〈ψ|gˆ|ψ〉
∂Pk
=
∑
l
(
gkl + g∗kl
2
Pl + i
gkl − g∗kl
2i
Xl
)
, (4.58)
∂〈ψ|gˆ|ψ〉
∂Xk
=
∑
l
(
gkl + g∗kl
2
Xl − i
gkl − g∗kl
2i
Pl
)
. (4.59)
Comparing Eq. (4.58) with Eq. (4.55) and Eq. (4.59) with Eq. (4.56) we see that,
up to an additive constant:
g (Xk, Pk) = 〈ψ|Gˆ|ψ〉 . (4.60)
This is the desired relation between observables and self-adjoint operators. It pro-
vides a further criterion allowing to characterize observables in such formulation
of quantum mechanics: a real-valued regular function g defined inM is an observ-
able, if and only if there exists a self-adjoint operator gˆ such that Eq. (4.60) holds.
Expressing Eq. (4.60) in oscillator representation, we infer that every observable is
a quadratic form of Xi (t) and Pi (t), as previously underlined for the Hamiltonian
function of Eq. (4.7).
Algebra of quantum observables
We have already pointed out that observables give rise to an algebra. Now, we
infer such results exploiting Eq. (4.60), testifying that the correspondence between
g and a self-adjoint operator gˆ is linear. Therefore, the addition and product by a
scalar of observables are represented by the same operations as on operators.
However, to obtain an algebra we need another operation, fulfilling Jacobi identity
and derivation-like formulas, such as Poisson bracket or commutator. The set of
observables, endowed with the Poisson bracket of Eq. (4.30), is an algebra. It is
possible to relate the Poisson bracket among two observables, say f and g, to the
commutator between corresponding self-adjoint operators, fˆ and gˆ. Let |ψ〉 be a
physical state such that |ψ〉 = ∑k |k〉, with {|k〉}k=1,...,N orthonormal basis. Adopting
Eq. (4.34), we have:
Re (gkλl) =
gkl + glk
2
√
2~
Xl − gkl − glk
2i
√
2~
Pl ,
Im (gkλl) =
gkl + glk
2
√
2~
Pl +
gkl − glk
2i
√
2~
Xl . (4.61)
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Comparing with Eq. (4.58) and Eq. (4.59), we get:
∂g
∂Xk
=
√
2
~
Re (gkλl) ,
∂g
∂Pk
=
√
2
~
Im (gkλl) . (4.62)
It allows to write:
{ f , g} =
∑
k
(
∂ f
∂Xk
∂g
∂Pk
− ∂g
∂Xk
∂ f
∂Xk
)
=
=
2
~
∑
k
Re
∑
l
fklλl
 Im
∑
j
gk jλ j
 − Re
∑
j
gk jλ j
 Im
∑
l
fklλl

 =
=
2
~
∑
k
1
2i

∑
l
fklλl
∗
∑
j
gk jλ j
 − (c.c.)
 =
=
1
i~
∑
k,l, j
[
flkλ∗l gk jλ j − fklλlg jkλ∗j
]
=
1
i~
∑
l, j
[(
fˆ gˆ
)
l j
λ∗l λ j −
(
gˆ fˆ
)
jl
λlλ
∗
j
]
=
=
1
i~
∑
l, j
[
fˆ , gˆ
]
λ∗l λ j =
1
i~
〈ψ|
[
fˆ , gˆ
]
|ψ〉 . (4.63)
Thus, we have shown that the Poisson bracket is produced by the commutator
through Eq. (4.60). In general, Eq. (4.60) allows to transfer the algebra struc-
ture from the operators to the smooth functions representing observables in this
alternative version of quantum mechanics.
Invariance of the constraint
Let g be an observable. Since the constraint is part of the structure with whichM
is endowed, it must be preserved by automorphism generated by g. Consequently,
using Eq. (4.51), we obtain:∑
k
(
X2k + P
2
k
)
7→
∑
k
(Xk + ∂g∂Pk δα
)2
+
(
Pk +
∂g
∂Xk
δα
)2 =
=
∑
k
(
X2k + P
2
k
)
+ 2
∑
k
(
∂g
∂Pk
Xk − ∂g
∂Xk
Pk
)
δα + o (δα)2 . (4.64)
Thus, if g is an observable, it fulfills:∑
k
(
∂g
∂Pk
Xk − ∂g
∂Xk
Pk
)
= 0 . (4.65)
We have obtained another requirement which observable must satisfy. Let us ana-
lyze its physical meaning. For this aim we consider the infinitesimal phase trans-
formation:
|ψ〉 7→ |ψ′〉 = eiδα|ψ〉 , (4.66)
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which in the oscillator representation becomes:
X′k = Xk − Pkδα P′k = Pk + Xkδα . (4.67)
Therefore:
g
(
X′k, P
′
k
)
= g (Xk − Pkδα, Pk + Xkδα) =
=g (Xk, Pk) +
∑
k
(
∂g
∂Pk
Xk − ∂g
∂Xk
Pk
)
δα , (4.68)
but, in agreement with Eq. (4.65), follows that:
g
(
X′k, P
′
k
)
= g (Xk, Pk) . (4.69)
In this way, we have shown that the value of an observable is the same for states
differing by a phase transformation.
It is very important to remark that the Eq. (4.65) is a necessary but not sufficient
condition to identify an observable. For instance, the product of two observables
satisfying Eq. (4.65), does fulfill this identity, but in general it is not an observable.
4.3 Hybrid dynamics
In the previous section, we have shown how to formulate quantum mechanics as
a classical theory. Here, we employ this framework to treat the quantum sector of
hybrid systems, in order to be studied in a natural way, together with the classical
sector of the composite system.
4.3.1 Space of states of hybrid systems
The milestone of the Hamiltonian formulation of quantum mechanics exposed in
the previous section is the oscillator representation. One of its first consequences
is the possibility to deal with the state of a quantum system by pairs of time-
dependent real functions (Xi, Pi), behaving like canonical variables. Such variables
generate a 2N-dimensional real manifoldM, where N is the dimension of the orig-
inal Hilbert space, related to the quantum sector. If S is the 2n-dimensional phase
space associated with the classical sector, the space of states of the whole hybrid
system is:
X = S ⊗M , (4.70)
whose elements are the 2 (n + N)-tuples:(
x j, p j, Xi, Pi
)
, (4.71)
in which x j and p j are, respectively, the coordinate and its conjugate momentum
of the jth degree of freedom of the classical sector, with j = 1, ..., n, while Xi and
Pi, with i = 1, ...,N, characterize the state of the quantum sector
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4.3.2 Hybrid Poisson bracket
We endow X with the Poisson bracket defined as:
{A, B}X = {A, B}M + {A, B}S =
N∑
i=1
(
∂A
∂Xi
∂B
∂Pi
− ∂B
∂Xi
∂A
∂Pi
)
+
n∑
j=1
(
∂A
∂x j
∂B
∂p j
− ∂B
∂x j
∂A
∂p j
)
, (4.72)
for any two smooth functions A
(
x j, p j, Xi, Pi
)
and B
(
x j, p j, Xi, Pi
)
.
Poisson bracket manifests the following important properties:
• it reduces to {A, B}M (resp. {A, B}S) if A and B belong to the quantum (resp.
classical) sector;
• it reduces to {A, B}M (resp. {A, B}S) if A or B belong to the quantum (resp.
classical) sector;
• it reflects the separability of quantum and classical sectors, since {A, B}X =
0, if A and B belong to different sectors, i.e. we have A
(
x j, p j
)
and B (Xi, Pi)
or vice versa.
Accordingly, if a canonical transformation is performed just on the quantum (resp.
classical) sector, then observables belonging to the classical (resp. quantum) sector
remain invariant.
4.3.3 Hybrid equations of motion
We have all formal tools at our disposal to show how equations of motion of a hy-
brid system can be obtained starting from the system Hamiltonian.
Let HˆQM, HCL
(
x j, p j
)
, and Iˆ
(
x j, p j
)
respectively, present the quantum, the classi-
cal and the hybrid Hamiltonian terms. We point out that HˆQM is an operator, while
HCL is a function. The hybrid coupling term Iˆ
(
x j, p j
)
, instead, is both, an operato-
rial and a functional quantity.
We define the hybrid Hamiltonian function as:
H
(
x j, p j, Xi, Pi
)
= 〈ψ|HˆQM + Iˆ|ψ〉 + HCL , (4.73)
where |ψ〉 is a generic quantum state.
The hybrid Hamiltonian function encodes the dynamical information of the whole
hybrid system. It is easy to note that the Hybrid hamiltonian function depends on
classical canonical variables and, expressing |ψ〉 in oscillator representation, also
on Xi and Pi.
Starting with this function, hybrid equations of motion can be obtained following
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the standard procedure relation:
x j = {x j,H}X , (4.74)
p j = {p j,H}X , (4.75)
Xi = {Xi,H}X , (4.76)
Pi = {Pi,H}X , (4.77)
which will be applied in the following.
4.3.4 Quantum-classical hybrid ensemble
Until now, in the quantum sector we have just considered pure states. Here, we
want include in our discussion also mixed states, combining this issue with the pos-
sibility of a classical ensemble in the phase space S: we will call this a quantum-
classical hybrid ensemble.
We describe a quantum-classical hybrid ensemble by a normalized, real-valued,
positive semi-definite, possibly time-dependent regular function on X:
ρ
(
x j, p j, Xi, Pi
)
=
1
2~
N∑
n,m=1
(Xm − iPm) (Xn + iPn) ρmn
(
x j, p j
)
, (4.78)
where ρmn
(
x j, p j
)
= 〈m|ρˆ
(
x j, p j
)
|n〉.
The temporal evolution of this function is governed by the equation:
∂ρ
∂t
= {ρ,H
(
x j, p j, Xi, Pi
)
}X , (4.79)
which retains the form of the Liouville equation.
Chapter 5
Study of decoherence in the
hybrid approach
5.1 Introduction
In the previous chapter, we discussed the hybrid theory proposed in [17, 18, 19].
This hybrid theory allows to study composite systems where a classical subsystem
interact with a quantum-mechanical one. We have highlighted how a Hamiltonian
for a hybrid system can be written, and, above all, how to get, starting with such
Hamiltonian, the equations of motions are obtained for such quantum-classical hy-
brid system. We mentioned the possibility to have a quantum-classical ensemble
in hybrid theory.
Here, we apply the hybrid theory to study the Marshall et.al optomechanical sys-
tem. We treat it as a hybrid system where the photon represents the quantum sector,
whereas the mirror is considered as a classical, rather then quantum, object. We
believe that this hybrid approach may be suitable to investigate physical systems,
like that of Marshall et.al, where a microscopic object (the photon) coexists with a
macroscopic one at the borders of quantum regime. One of our principal purposes
is to check if hybrid theory designed in [17, 18, 19] is a good candidate to study
the borderline between the quantum and the classical world.
To carry out this study, we proceed in the following manner. First, we specify the
several terms for system Hamiltonian, i.e. the photon free term, consisting in an
operator because the photon preserves its quantum nature, the term related to the
classical mirror which will be function of its canonical variable, and finally the in-
teraction term, including both an operator and a function part. The sum of all these
terms will give us the full hybrid Hamiltonian which reduces to just a function in
the oscillator representation, as we shall see.
Such Hamiltonian embodies the physical information regarding the whole system
and it can be used to derive equations of motion, according the methods illustrated
in Chapter 4. The equations of motion can be solved analytically and their solu-
tions allow to characterize the state of the system at a generic instant t.
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In particular, they can be employed to obtain an explicit form of the photon reduced
density operator. This is the most important tool of our work, because it is essential
in order to the quantitatively evaluate of decoherence. We refer to the decoherence
process induced by the mirror on the photon, which has already been analyzed in
the second Chapter 2. Our aim is to redo the study of this decoherence process in
this hybrid approach and to compare the results with those achieved in the purely
quantum case.
5.2 Hamiltonian
In this section, we present a hybrid Hamiltonian for the system exposed in [10],
adopting the formalism described in [17, 18, 19]. Thus, we can study the mirror as
a classical rather then quantum oscillator interacting with the photon, which retains
its purely quantum nature.
We shall analyze, one by one, the Hamiltonian terms related to the quantum and
classical sectors, and the hybrid coupling, discussing the relevant quantities. Fi-
nally, introducing the oscillator representation for the state of the quantum sector,
we will obtain the full hybrid Hamiltonian.
5.2.1 Quantum sector
As already mentioned above, we dealt with the photon as a quantum object and,
thus, its free term is an operator and has the following form:
HˆQM = ~ωccˆ
†
AcˆA + ~ωccˆ
†
BcˆB , (5.1)
where ωc is the frequency of the photon, while:
• cˆ†A and cˆA are, respectively, the creation and destruction operators related to
the photon in arm A;
• cˆ†B and cˆB are, respectively, the creation and destruction operators related to
the photon in arm B.
They fulfill: [
cˆ†A, cˆA
]
=
[
cˆ†B, cˆB
]
= 1 , (5.2)
and obviously: [
cˆ†A, cˆB
]
=
[
cˆ†B, cˆA
]
= 0 ,
[
cˆ†A, cˆ
†
B
]
= [cˆA, cˆB] = 0 , (5.3)
since they act on different Hilbert spaces.
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5.2.2 Classical sector
The novel aspect is that the mirror is modeled as a classical harmonic oscillator.
Therefore, it is represented within the Hamiltonian by the entirely functional free
term:
HCL =
p2
2M
+
Mω2m
2
x2 , (5.4)
where x and p are the position and the momentum of the mirror.
5.2.3 Hybrid coupling
We need to specify just the coupling term between photon and mirror. Similarly
with the form presented previously case, and in agreement with its physical mean-
ing, we suggest:
Iˆ = −~g˜xcˆ†AcˆA , (5.5)
where g˜ = ωcL is the effective coupling constant, with L the lenght of the cavity. We
point out that it is both an operator and a function.
5.2.4 Oscillator representation and full hybrid hamiltonian
Collection all the ingredients, we write the full hybrid Hamiltonian:
H = HCL + 〈Ψ|
(
HˆQM + Iˆ
)
|Ψ〉 = p
2
2M
+
Mω2m
2
x2+
+ ~ωc〈Ψ|cˆ†AcˆA|Ψ〉 + ~ωc〈Ψ|cˆ†BcˆB|Ψ〉 − ~g˜x〈Ψ|cˆ†AcˆA|Ψ〉 . (5.6)
where |Ψ〉 is a generical normalized quantum state, fulfilling the constraint:
〈Ψ (t) |Ψ (t)〉 = 1 . (5.7)
Oscillator representation for this state is:
|Ψ〉 = 1√
2~
[(XA + iPA) |1〉A|0〉B + (XB + iPB) |0〉A|1〉B] , (5.8)
where the coefficients XA, XB, PA, PB are real time-dependent function, and:
• |1〉A|0〉B represents the state where the single photon is in arm A;
• |0〉A|1〉B represents the state where the single photon is in arm B.
They satisfy the following identities:
cˆ†AcˆA|1〉A|0〉B = |1〉A|0〉B , cˆ†AcˆA|0〉A|1〉B = 0 ,
cˆ†BcˆB|0〉A|1〉B = |0〉A|1〉B , cˆ†BcˆB|1〉A|0〉B = 0 , (5.9)
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and, furthermore, these orthonormalization relations:
〈0, 1|1, 0〉 = 1 , 〈1, 0|0, 1〉 = 1 (5.10)
〈0, 1|0, 1〉 = 0 , 〈1, 0|1, 0〉 = 0 , (5.11)
where, in this case, in order to unburden the notation, we have renamed |1〉A|0〉B as
|1, 0〉, and |0〉A|1〉B as |0, 1〉.
From a physical point of view, this expansion means we are restricting ourselves
to the case where we have only one photon in the interferometer, exactly as in the
purely quantum case.
Replacing Eq. (5.8) in Eq. (5.6), and exploiting Eq. (5.9) and Eq. (5.10), we have:
H =
p2
2M
+
Mω2m
2
x2 +
ωc
2
(XA − iPA) (XA + iPA) 〈0|B〈1|Acˆ†AcˆA|1〉A|0〉B+
+
ωc
2
(XB − iPB) (XB + iPB) 〈0|B〈1|Acˆ†BcˆB|0〉A|1〉B+
+
g˜
2
x (XA − iPA) (XA + iPA) 〈0|B〈1|Acˆ†AcˆA|1〉A|0〉B . (5.12)
Developing the expectation values:
H =
p2
2M
+
Mω2m
2
x2 +
ωc
2
(XA − iPA) (XA + iPA) +
+
ωc
2
(XB − iPB) (XB + iPB) + g˜2 x (XA − iPA) (XA + iPA) , (5.13)
Finally, the hybrid Hamiltonian is:
H =
p2
2M
+
Mω2m
2
x2 +
ωc
2
(
X2A + P
2
A
)
+
ωc
2
(
X2B + P
2
B
)
+
g˜
2
x
(
X2A + P
2
A
)
. (5.14)
Let us comment on this first result. After expressing the quantum state in oscillator
representation, the photon is represented by two free terms, one for each arm of the
interferometer, formally equivalent to classical harmonic oscillators with the pairs
couples of conjugate variables (XA, PA) and (XB, PB).
Accordingly, the physical state of the photon in arm A (resp. B) can be character-
ized by two real time-dependent functions (XA, PA) (resp. (XB, PB)). They fulfill:
{XA, PA}A = 1 {XB, PB}B = 1 , (5.15)
where the Poisson bracket are:
{ f , g}A = { ∂ f
∂XA
∂g
∂PA
− ∂g
∂XA
∂ f
∂PA
}A { f , g}B = { ∂ f
∂XB
∂g
∂PB
− ∂g
∂XB
∂ f
∂PB
}B , (5.16)
for any two couples of functions f (Xi, Pi) and g (Xi, Pi), with i = A, B.
It is easy to see that, if f is a function depending only on (XA, PA) (resp. (XB, PB)),
the Poisson bracket { f , g}B (resp. { f , g}A) is null for any g (Xi, Pi) with i = A, B.
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This property will be useful in the following, when we employ it to obtain the
equations of motion.
Exploiting Eq. (5.10), we can rewrite Eq. (5.7) in terms of XA, XB, PA, PB:
〈Ψ|Ψ〉 = 1
2~
(
X2A + P
2
A + X
2
B + P
2
B
)
= 1 . (5.17)
This expression means that the vector (XA, PA, XB, PB) is constrained to the surface
of a four-dimensional hypershere with radius
√
2~.
In the full hybrid Hamiltonian shown in Eq. (5.14), we observe the free harmonic
oscillator form of the term concerning the photon in arm B. In fact, the photon in
arm B does not interact with the mirror.
The terms associated with the photon in arm A, instead, consist in a driven oscil-
lator Hamiltonian coupled with the mirror. Particularly, we note that the coupling
term is linear in the position of the mirror and the energy of the photon, exactly
like in the case in which the mirror is treated as a quantum system.
5.3 Equations of motion
In this section, we study the equations of motion encoding the dynamics of the
hybrid system described by the Hamiltonian of Eq. (5.14).
First, adopting the methods shown in Chapter 4, we derive these equation of mo-
tion. Then, we shall report some considerations, which lead to reveal some very
important properties, concerning their solution.
5.3.1 Derivation of the equations
Equations of the photon in arm B
The equations of motion of the photon in arm B have the following formal expres-
sions:
∂XB
∂t
= {XB,H}X , ∂PB
∂t
= {PB,H}X , (5.18)
where { f , g}X = { f , g}CL + { f , g}A + { f , g}B.
Inserting the full hybrid Hamiltonian of Eq. (5.14) in Eq. (5.18), we infer:
∂XB
∂t
={XB,H}X = {XB, ωc2
(
X2B + P
2
B
)
}X =
=
ωc
2
{XB, P2B}B = ωcPB , (5.19)
∂PB
∂t
={PB,H}X = {PB, ωc2
(
X2B + P
2
B
)
}X =
=
ωc
2
{PB, X2B}B = −ωcXB . (5.20)
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Finally, the dynamics of the photon in arm B is embodied in the following equa-
tions:
∂XB
∂t
= ωcPB , (5.21)
∂PB
∂t
= −ωcXB . (5.22)
They are independent of whatever quantities regarding the mirror or the photon in
arm A, in agreement with the fact that the photon in arm B does not interact at all.
Equations of the photon in arm A
We proceed in the same manner for the photon in arm A.
The starting point is:
∂XA
∂t
= {XA,H}X , ∂PA
∂t
= {PA,H}X , (5.23)
which can be rewritten replacing Eq. (5.14) in Eq. (5.23):
∂XA
∂t
={XA,H}X = {XA, ωc2
(
X2A + P
2
A
)
− g˜
2
x
(
X2A + P
2
A
)
}X =
=
ωc
2
{XA, P2A}A −
g˜
2
x{XA, P2A}A = ωcPA − g˜xPA , (5.24)
∂PA
∂t
={PA,H}X = {PA, ωc2
(
X2A + P
2
A
)
− g˜
2
x
(
X2A + P
2
A
)
}X =
=
ωc
2
{PA, X2A}A −
g˜
2
x{PA, X2A}A = −ωcXA + g˜xXA . (5.25)
In conclusion:
∂XA
∂t
= ωcPA − g˜xPA , (5.26)
∂PA
∂t
= −ωcXA + g˜xXA . (5.27)
Unlike the previous case, they contain a dependence on variables associated with
to the mirror because it interacts with the photon.
Equations of the mirror
After all, we derive the equations of motion of the mirror. From:
∂x
∂t
= {x,H}X , ∂p
∂t
= {p,H}X , (5.28)
we obtain:
∂x
∂t
= {x,H}X = {x, p
2
2M
}CL = pM {x, p}CL =
p
M
. (5.29)
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and:
∂p
∂t
={p,H}X = {p, Mω
2
mx
2
2
− g˜
2
x
(
X2A + P
2
A
)
}X =
=
Mω2m
2
{p, x2}CL − g˜2
(
X2A + P
2
A
)
{p, x}CL =
= − Mω2mx +
g˜
2
(
X2A + P
2
A
)
. (5.30)
Thus we have:
∂x
∂t
=
p
M
, (5.31)
∂p
∂t
= −Mω2mx +
g˜
2
(
X2A + P
2
A
)
. (5.32)
As expected, these equations contain an explicit dependence on the variables de-
scribing the photon in arm A. More precisely, the term through which they enter,
has a particular physical meaning, which will be discussed in the next subsection.
5.3.2 Some considerations on the equations of motion
The aim of this section is to investigate some properties of the equations of motions,
in order to facilitate their solution.
We note that, using Eq. (5.56) and Eq. (5.57), it follows that:
XA
∂XA
∂t
+ PA
∂PA
∂t
= ωcXAPA − g˜xXAPA − ωcXAPA + g˜xXAPA = 0 , (5.33)
But we see:
XA
∂XA
∂t
+ PA
∂PA
∂t
=
1
2
∂
(
X2A + P
2
A
)
∂t
. (5.34)
Therefore, we obtain:
∂
(
X2A + P
2
A
)
∂t
= 0 , (5.35)
whereby X2A (t) + P
2
A (t) is a constant of motion. In the same way, it results that
X2B (t) + P
2
B (t) is a constant of motion, too.
Now, let us examine the physical meaning of this outcome. We calculate 〈Ψ|cˆ†AcˆA|Ψ〉,
representing the probability to find a photon in arm A of the interferometer if it is
in the pure state |Ψ〉. Since the beam splitter is a fifty-fifty mirror, it must be 12 .
Introducing the oscillator representation, we have:
1
2
=〈Ψ|cˆ†AcˆA|Ψ〉 =
1
2~
(
X2A + P
2
A
)
〈0|B〈1|Acˆ†AcˆA|1〉A|0〉B =
=
1
2~
(
X2A + P
2
A
)
〈0, 1|1, 0〉 = 1
2~
(
X2A + P
2
A
)
, (5.36)
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which implies:
X2A + P
2
A = ~ . (5.37)
In a similar manner, we can obtain the same result for the the other arm, that is:
X2B + P
2
B = ~ . (5.38)
We point out that these equations are compatible with the constraint:
X2A + P
2
A + X
2
B + P
2
B = ~ + ~ = 2~ . (5.39)
This result has great practical relevance, because, as we shall find in the next sec-
tion, it leads to simplifications of the equations of motion of the mirror and, thus,
since they are coupled, of the photon in the arm B, too.
5.4 Solution of the equations of motions
The goal of this section is the solution of the equations of motion derived in the
previous section. We proceed separately for mirror, photon in arm B, and photon
in arm A, presenting explicitly all the calculations and discussing the analytical the
solutions.
5.4.1 Solution of the mirror equations
We begin with from the equations of the mirror:
∂x
∂t
=
p
M
, (5.40)
∂p
∂t
= −Mω2mx +
g˜
2
(
X2A + P
2
A
)
. (5.41)
Taking derivatives with respect to the time on both sides of Eq. (5.40):
∂2x
∂t2
=
1
M
∂p
∂t
, (5.42)
and exploiting Eq. (5.41), we have:
∂2x
∂t2
+ ω2mx =
g˜
2M
(
X2A + P
2
A
)
. (5.43)
This is the equation of a driven harmonic oscillator, where the driving force de-
pends, as we expected, on the variables related to the photon in the arm A. In
general the driving force is quite hard to handle but, remembering that X2A + P
2
A is a
constant of motion, it assumes a very simple form. So, inserting Eq. (5.37) in Eq.
(5.41), it follows that:
∂2x
∂t2
+ ω2mx =
~g˜
2M
. (5.44)
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It turns out that the drivin force is constant and, therefore, Eq. (5.44) can be quickly
solved.
We obtain:
x (t) = Am sin (ωmt + φm) − ~g˜
2Mω2m
. (5.45)
Once we know x (t), it is immediate to obtain p (t). In fact, replacing Eq. (5.45) in
Eq. (5.41), we infer:
p (t) = M
∂x
∂t
= AmωmM cos (ωmt + φm) . (5.46)
In Eq. (5.45) and Eq. (5.46) two undefined constants appear: Am and φm. They
will be determined by initial conditions in the following, in section 5.4.4.
5.4.2 Solution of the equations of photon in arm B
The equations of motion of the photon in arm B are:
∂XB
∂t
= ωcPB , (5.47)
∂PB
∂t
= −ωcXB (5.48)
They can be reduced to a free harmonic oscillator equation. In fact, also in this
case, deriving with respect to time equation Eq. (5.47), we infer:
∂2XB
∂t2
= ωc
∂PB
∂t
, (5.49)
and adopting Eq. (5.48) it follows that:
∂2XB
∂t2
+ ω2c XB = 0 , (5.50)
which is a free harmonic oscillator equation.
Therefore, we can exhibit the solution in the form:
XB (t) = AB sin (ωct + φB) , (5.51)
where AB and φB are real constants and represent, respectively, the amplitude and
the initial phase of such oscillating function. Once we know an analytical expres-
sion for XB we can derive one for PB, too. That is:
PB (t) =
1
ωc
∂XB
∂t
= AB cos (ωct + φB) . (5.52)
We can provide an explicit value for A using (5.38):
X2B + P
2
B = A
2
B sin
2 (ωct + φB) + A2B cos
2 (ωct + φB) = A2B = ~ , (5.53)
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and accordingly AB =
√
~.
Finally, we have:
XB (t) =
√
~ sin (ωct + φB) , (5.54)
PB (t) =
√
~ cos (ωct + φB) . (5.55)
The constant φB is left undefined and it also be determined in the following.
5.4.3 Solution of the equations of photon in arm A
We just have to solve the equations related to the photon in arm A:
∂XA
∂t
= ωcPA − g˜xPA , (5.56)
∂PA
∂t
= −ωcXA + g˜xXA . (5.57)
For this purpose, we substitute Eq. (5.45) into Eq. (5.56) and Eq. (5.57):
∂XA
∂t
=ωcPA − Amg˜ sin (ωmt + φm) PA + ~g˜
2
2Mω2m
PA =
=
(
ωc +
~g˜2
2Mω2m
)
PA − Amg˜ sin (ωmt + φm) PA =
=
[
Ω − Amg˜ sin (ωmt + φm)] PA , (5.58)
where Ω ≡ ωc + ~g˜
2
2Mω2m
. In the same manner we express Eq. (5.57) as:
∂PA
∂t
= − [Ω − Amg˜ sin (ωmt + φm)] XA . (5.59)
Now, we sum Eq. (5.58) and Eq. (5.59) multiplied by i, to obtain:
∂ (XA + iPA)
∂t
= −i [Ω − Amg˜ sin (ωmt + φm)] (XA + iPA) , (5.60)
which can be rewritten as:
∂ZA
∂t
= −i [Ω − Amg˜ sin (ωmt + φm)] ZA , (5.61)
where ZA (t) = XA (t) + iPA (t).
Eq. (5.61) can be solved by separation of variables. This gives:
XA + iPA =
√
~ exp{−i
[
Ωt +
Amg˜
ωm
cos (ωmt + φm) + C
]
} . (5.62)
The constant in front of the exponential has been set exploiting Eq. (5.37), i.e.
imposing X2A + P
2
A = ~. The constant C is left unknown.
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It is straightforward to find, employing (5.62), the analytical expressions for XB
and PB. In fact, identifying real and imaginary parts on both sides, we obtain:
XA (t) =
√
~Re
(
exp{−i
[
Ωt +
Amg˜
ωm
cos (ωmt + φm) + C
]
}
)
=
=
√
~ cos
[
Ωt +
Amg˜
ωm
cos (ωmt + φm) + C
]
, (5.63)
and similarly:
PA (t) =
√
~Im
(
exp{−i
[
Ωt +
Amg˜
ωm
cos (ωmt + φm) + C
]
}
)
=
= − √~ sin
[
Ωt +
Amg˜
ωm
cos (ωmt + φm) + C
]
. (5.64)
5.4.4 Initial conditions
In the previous subsections we provided the analytical form for the solution of the
equations of motion. In these expressions there are four real constants, Am, φm, φB,
and C, which have not yet been fixed. Now, we impose initial conditions in order
to determine these constants.
We begin with Am and φm. They, as already pointed out, represent the amplitude
and the initial phase of the mirror, thus they can be connected to the values of its
initial position and momentum, denoted by x0 and p0. Accordingly we have:
x (t = 0) = Am sin (φm) − ~g˜
2Mω2m
≡ x0 , (5.65)
and:
p (t = 0) = AmωmM cos (φm) ≡ p0 . (5.66)
This constitutes a set of two equations in two variables, that can be solved imme-
diately. In fact, from Eq. (5.66) we have:
Am =
p0
ωmM cos (φm)
, (5.67)
which replaced into Eq. (5.65) gives:
x0 =
p0
ωmM
tan (φm) − ~g˜
2Mω2m
. (5.68)
The last equation can be easily inverted obtaining the expression of φm as a function
of x0 and p0:
φm (x0, p0) = arctan
[
1
p0
(
ωmMx0 +
~g˜
2ωm
)]
. (5.69)
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Therefore, replacing Eq. (5.69) into Eq. (5.67), we obtain:
Am (x0, p0) =
p0
ωmM
1
cos
(
arctan
[
ωmM
x0
p0
+
~g˜
2p0ωm
]) . (5.70)
Next, we have to fix φB and C. For this goal we can impose that, at t = 0, the
state of the quantum sector has the same form of the photon initial state in the case
in which the mirror is treated as a quantum system. This state is:
|ψν〉 = 1√
2
(|1〉A|0〉B + |0〉A|1〉B) . (5.71)
Identifying it with Eq. (5.8) at t = 0, it gives:
XA (0) + iPA (0) =
√
~ , (5.72)
XB (0) + iPB (0) =
√
~ . (5.73)
Comparing Eq. (5.72) with Eq. (5.62) evaluated at t = 0, we obtain:
XA (0) + iPA (0) =
√
~ exp{−i
[
Amg˜
ωm
cos (φm) + C
]
} , (5.74)
which implies:
C = −Amg˜
ωm
cos (φm) . (5.75)
Likewise, comparing Eq. (5.73) with Eq. (5.62) evaluated at t = 0, it follows that:
XB (0) + iPB (0) =
√
~ sin (φB) + i
√
~ cos (φB) = i
√
~ exp{−iφB} , (5.76)
which provides:
φB =
pi
2
. (5.77)
Finally, we exhibit the complete set of solutions of the equations of motion:
x (t) = Am sin
[
ωmt + φm
] − ~g˜
2Mω2m
, (5.78)
p (t) = ωmMAm cos
[
ωmt + φm
]
, (5.79)
XA (t) =
√
~ cos{Ωt + Amg˜
ωm
[
cos (ωmt + φm) − cos [φm]]} , (5.80)
PA (t) = −
√
~ sin{Ωt + Amg˜
ωm
[
cos (ωmt + φm) − cos [φm]]} , (5.81)
XB (t) =
√
~ cos (ωct) , (5.82)
PB (t) = −
√
~ sin (ωct) , (5.83)
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where:
Am (x0, p0) =
p0
ωmM
1
cos
(
arctan
[
ωmM
x0
p0
+
~g˜
2p0ωm
]) , (5.84)
and:
φm (x0, p0) = arctan
[
1
p0
(
ωmMx0 +
~g˜
2ωm
)]
. (5.85)
5.5 Hybrid density operator
The solutions of the equations of motions allow us to describe the states of photon
and mirror. In particular, they permit us to construct the photon reduced density
matrix in the hybrid approach, representing the most general state of the photon in
arm A.
The goal of this section is the derivation of this operator for several particular cases.
The cases that we distinguish regard different mirror initial conditions. In fact,
as we will show below, matrix elements of the photon reduced density operator,
depend by position and momentum of the mirror, hence on its initial conditions.
Therefore, we first consider the mirror initial conditions as a fixed, point of the
classical phase space and then we shall generalize this case to that of a distribution
in phase space. A distribution of mirror initial conditions will be employed to
average the matrix elements, similarly as in the purely quantum case, where we
have computed the average with respect to a thermal distribution. We then compare
the expression of the off-diagonal matrix elements with that obtained in Chapter 3,
in order to evaluate how decoherence occurs in either case.
5.5.1 Matrix elements of the density operator
We have all the ingredients needed for the calculations of the matrix elements of
the photon reduced density operator.
We begin with the diagonal elements:
ρAA = 〈0, 1|Ψ〉〈Ψ|1, 0〉 . (5.86)
Introducing the oscillator representation Eq. (5.86) becomes:
ρAA =
1
2~
(
X2A + P
2
A
)
, (5.87)
and remembering Eq. (5.37), which shows that
(
X2A + P
2
A
)
is a constant of motion,
we find:
ρAA =
1
2
. (5.88)
In the same manner, we show that:
ρBB =
1
2
. (5.89)
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Now, we consider the off-diagonal elements. They are defined as:
ρAB = 〈1, 0|Ψ〉〈Ψ|1, 0〉 = 12~ (XA + iPA) (XB − iPB) . (5.90)
Through Eq. (5.80) and Eq. (5.81), we obtain:
XA + iPA =
√
~ exp{−i
[
Ωt +
Amg˜
ωm
[
cos (ωmt + φm) − cos (φm)]]} . (5.91)
Likewise, by Eq. (5.82) and Eq. (5.83), it follows:
XB − iPB =
√
~ exp (iωct) . (5.92)
Finally, replacing Eq. (5.91) and Eq. (5.92) into Eq. (5.90), it follows that:
ρAB =
1
2
exp{iωct} exp{−i
[
Ωt +
Amg˜
ωm
[
cos (ωmt + φm) − cos (φm)]]} , (5.93)
In conclusion, the photon reduced density operator in this hybrid approach is:
ρˆ =
 12 12 exp{iωct} exp{−i [Ωt + Amg˜ωm [cos (ωmt + φm) − cos (φm)]]}c.c. 12
 . (5.94)
We point out that, exactly as in the purely quantum case, at t = 0 it takes the form:
ρˆ =
(1
2
1
2
1
2
1
2
)
, (5.95)
namely, it represents the pure state in which the photon is in ae coherent superpo-
sition of |1〉A|0〉B and |0〉A|1〉B.
5.5.2 Averaged density matrix elements
We have calculated the four elements of the photon reduced density operator in the
hybrid approach. However, as it can immediately be seen from Eq. (5.93), while
its diagonal elements are constants, the off-diagonal elements depend on the mirror
initial conditions (precisely, the dependence on mirror initial condition is contained
within Am and φm), i.e. it may be considered as a function:
(x0, p0) 7→ ρ (x0, p0) (5.96)
where x0 and p0 have been defined in Eq. (5.65) and Eq. (5.66), respectively.
Now, in order to evaluate the form of the off-diagonal matrix elements of the den-
sity operator, we make an assumption on the initial conditions of the mirror. First,
we consider the initial conditions of the mirror in one fixed point of the classical
phase space. From a physical point of view, we suppose to know perfectly what are
position and momentum of the mirror at t = 0, i.e. we have maximum information
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regarding the initial state of the mirror.
Subsequently, we imagine to loose some information: we no longer know position
and momentum of the mirror at t = 0 sharply, but we have at our disposal just a
normalized probability distribution in phase space. Accordingly, we shall compute
the averaged off-diagonal matrix elements for the density operator with respect to
such a distribution:
< ρAB > f =
∫
ρAB (x0, p0, t) f (x0, p0,T ) dx0dp0 . (5.97)
We focus on two types of distributions: a Gaussian distribution, the parameters of
which correspond to those of a Gaussian representing a coherent state in configu-
ration space, and a thermal distribution. The average with respect to such a thermal
distribution is a very important point in our work because it is the analogue of what
has been done in the purely quantum case, when we assume that the mirror is in a
thermal mixture of coherent states, rather than a single coherent state.
Fixed initial conditions
We consider the case in which the initial position and momentum of the mirror are
fixed in one point of the classical phase space. In this case, regardless their precise
values, the modulus of the off-diagonal matrix elements of the photon reduced
density operator is a constant:
|ρAB| = 12 , (5.98)
because, for each values of x0 and p0, the off-diagonal element ρAB is just a phase.
This outcome has a very suggestive physical meaning. In fact, if the modulus of
the off-diagonal elements do not change or vanish, no decoherence is induced by
the mirror on the photon.
Accordingly, as can be easily checked by computing the square of the matrix in Eq.
(5.94), the photon reduced density matrix is, at every instant, a projector, hence,
the photon remains in the coherent superposition of |1〉A|0〉B and |0〉A|1〉B and inter-
ference effects are not destroyed.
In summary, if the mirror initial conditions consist in one fixed point of the classical
phase space, there is no decoherence, and the photon retains its initial pure state. It
is very important to remark that this result represents a surprising difference with
respect to the purely quantum case where, instead, the off-diagonal elements of the
photon density operator, even before the thermal average, show the presence of a
decoherence process.
The result obtained in Eq. (5.98) can be understood as follows. There is one funda-
mental difference in the dynamical evolution of the system in the two approaches,
that is entanglement. When the mirror is studied as a quantum object, its state
becomes entangled with the photon state. Therefore, the photon leaves its initial
pure state, i.e. the coherent superposition between |1〉A|0〉B and |0〉A|1〉B, and in-
terference effects become suppressed. Presently, since the mirror is classical, no
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Figure 5.1: We show a comparison between the modulus of the off-diagonal matrix
elements obtained in the hybrid and purely quantum approach. The blue line shows
of the modulus of the off-diagonal element derived in the hybrid theory, which, as
indicated by Eq. (5.98), is a constant.
The purple line, instead, refers to the off-diagonal matrix element obtained in the
case with the quantum mirror. It is computed with k ≈ 1.
entanglement occurs between photon and mirror, and accordingly the photon does
not leave its initial pure state, thus no decoherence happens and interference effects
are preserved.
Thermal distribution
We have discussed above the case in which the mirror initial conditions correspond
to a fixed point of the classical phase space. Now, we imagine to loose some
information: at t = 0 the mirror is no longer in a point of the classical phase space,
but we possess a probability distribution in phase space, i.e. a function f (x0, p0)
fulfilling the following normalization condition:∫ +∞
−∞
∫ +∞
−∞
f (x0, p0,T ) dx0dp0 = 1 . (5.99)
Once we know the probability distribution, it is possible to derive the averaged off-
diagonal matrix elements for the density operator with respect to such distribution:
< ρAB > f =
∫
ρAB (x0, p0, t) f (x0, p0) dx0dp0 . (5.100)
The problem is to propose an analytical expression for f (x0, p0). We start with a
Maxwell-Boltzmann distribution, that is:
f (x0, p0) = N exp [−βH (x0, p0)] , (5.101)
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where β = 1KT , with K and T corresponding, respectively, to the Boltzmann con-
stant and the temperature of the mirror, while its classical energy is given by:
H (x0, p0) =
p20
2M
+
Mω2mx
2
0
2
. (5.102)
First, we must determine the normalization constant N . We remember Eq. (5.99)
and, inserting Eq. (5.101) and Eq. (5.102) within it, it results:
N
∫ +∞
−∞
exp
−βp202M
 dp0 ∫ +∞−∞ exp
−βMω2mx202
 dx0 = 1 , (5.103)
which is the product of two Gaussian integrals:
∫ +∞
−∞
exp
−βp202M
 dp0 =
√
2piM
β
, (5.104)
and: ∫ +∞
−∞
exp
−βMω2mx202
 dx0 =
√
2pi
Mβω2m
. (5.105)
Therefore, inserting Eq. (5.104) and Eq. (5.105) Eq. into (5.103), it follows that:
N
√
2piM
β
√
2pi
Mβω2m
= N 2pi
βωm
= 1 , (5.106)
which implies:
N = βωm
2pi
. (5.107)
Finally, the complete form of the thermal distribution is:
f (x0, p0,T ) =
βωm
2pi
exp
−β  p202M + Mω
2
mx
2
0
2
 . (5.108)
We have all ingredients to compute the thermal average of the off-diagonal matrix
elements of the hybrid density operator.
Substituting Eq (5.108) in Eq. (5.100), it gives:
βωm
2pi
∫ +∞
−∞
∫ +∞
−∞
ρAB (x0, p0, t) exp
−β  p202M + Mω
2
mx
2
0
2
 dx0dp0 . (5.109)
To solve this integral, it is convenient to express ρAB (x0, p0, t) in a more suitable
form, which greatly facilitates the calculations. We know that:
ρAB (t) =
1
2
exp{iωct} exp{−i
[
Ωt +
Amg˜
ωm
[
cos (ωmt + φm) − cos (φm)]]} , (5.110)
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and recalling Eq. (5.84):
Am (x0, p0) =
p0
Mωm
1
cos (φm)
, (5.111)
we rewrite Eq. (5.110) as:
ρAB (t) =
1
2
ei(ωc−Ω)t exp{− ig˜p0
Mω2m
[
cos (ωmt + φm)
cos (φm)
− 1
]
} . (5.112)
But, since:
cos (ωmt + φm) = cos (ωmt) cos (φm) − sin (ωmt) sin (φm) , (5.113)
we have:
ρAB (t) =
1
2
ei(ωc−Ω)t exp{− ig˜p0
Mω2m
[
(cos (ωmt) − 1) − sin (ωmt) tan (φm)]} . (5.114)
Remembering Eq. (5.85), that is:
φm (x0, p0) = arctan
[
1
p0
(
ωmMx0 +
~g˜
2ωm
)]
, (5.115)
we write:
tan (φm) = tan{arctan
[
1
p0
(
ωmMx0 +
~g˜
2ωm
)]
} = 1
p0
(
ωmMx0 +
~g˜
2ωm
)
. (5.116)
Replacing Eq. (5.116) into Eq. (5.114), we have:
ρAB (t) =
1
2
ei(ωc−Ω)t exp{−i g˜p0
Mω2m
[cos (ωmt) − 1]
+i
g˜
Mω2m
(
ωmMx0 +
~g˜
2ωm
)
sin (ωmt)}
=
1
2
ei(ωc−Ω)t exp{−i g˜
Mω2m
[cos (ωmt) − 1] p0
+i
g˜
ωm
sin (ωmt) x0 + i
~g˜2
2Mω3m
sin (ωmt)}
=
1
2
e−ik
2θ(t) exp{−i g˜
Mω2m
[cos (ωmt) − 1] p0 + i g˜
ωm
sin (ωmt) x0} (5.117)
where k2 = ~g˜
2
2Mω3m
, and:
e−ik
2θ(t) ≡ ei(ωc−Ω)t+ik2 sin(ωmt) . (5.118)
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Now, we focus on this quantity which, as can be easily seen, does not depend on
x0 and p0. If we recall that:
Ω = ωc +
~g˜2
2Mω2m
= ωc + k2ωm , (5.119)
we rewrite Eq. (5.118) as:
ei[ωct−ωct−k
2ωmt+k2 sin(ωmt)] = e−ik
2[ωmt−sin(ωmt)] . (5.120)
Therefore, we have:
θ (t) = ωmt − sin (ωmt) , (5.121)
and, finally, we express ρAB as:
ρAB (t) =
1
2
e−ik
2θ(t) exp{−i g˜
Mω2m
[cos (ωmt) − 1] p0 + i g˜
ωm
sin (ωmt) x0} . (5.122)
In order to solve Eq. (5.100), this expression is quite useful. In fact, inserting Eq.
(5.122) into Eq. (5.100), it follows that:
< ρAB (t) > f =
βωm
4pi
e−ik
2θ(t)
∫ +∞
−∞
exp
[
g (x0, t)
]
dx0
∫ +∞
−∞
exp
[
h (p0, t)
]
dp0 ,
(5.123)
where:
g (x0, t) = −Mω
2
mβ
2
x20 + i
g˜
ωm
sin (ωmt) x0 , (5.124)
and:
h (p0, t) = − β2M p
2
0 − i
g˜
Mω2m
[cos (ωmt) − 1] p0 . (5.125)
It is easy to check that:
g (x0, t) = − Mω
2
mβ
2
x20 − i
g˜
ωm
sin (ωmt) x0
= − Mω
2
mβ
2
x20 − i
g˜
ωm
sin (ωmt) x0
−z2 sin2 (ωmt) + z2 sin2 (ωmt)
= −

√
Mω2mβ
2
x0 + iz sin (ωmt)

2
− z2 sin2 (ωmt) , (5.126)
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where z =
√
g˜2
2Mω4mβ
. Similarly:
h (p0, t) = − β2M p
2
0 + i
g˜
Mω2m
[cos (ωmt) − 1] p0
= − β
2M
p20 + i
g˜
Mω2m
[cos (ωmt) − 1] p0
−z2 [cos (ωmt) − 1]2 + z2 [cos (ωmt) − 1]2
= −
√ β2M p0 + iz [cos (ωmt) − 1]
2 − z2 [cos (ωmt) − 1]2 . (5.127)
Accordingly:
∫ +∞
−∞
eg(x0,t)dx0 = e−z
2 sin2(ωmt)
∫ +∞
−∞
exp
−

√
Mω2mβ
2
x0 + iz sin (ωmt)

2 dx0
=
√
2pi
Mω2mβ
exp
[
−z2 sin2 (ωmt)
]
, (5.128)
and likewise:∫ +∞
−∞
eh(x0,t)dp0 = e−z
2[cos(ωmt)−1]2
∫ +∞
−∞
exp
−
√ β2M p0 + iz [cos (ωmt) − 1]
2
 dp0
=
√
2Mpi
β
exp{−z2 [cos (ωmt) − 1]2} . (5.129)
Substituting Eq. (5.128) and Eq. (5.129) in Eq. (5.123), we obtain:
< ρAB (t) > f =
1
2
e−ik
2θ(t) exp{−z2 [cos (ωmt) − 1]2 − z2 sin2 (ωmt)}
=
1
2
e−ik
2θ(t) exp{−z2
[
1 + cos2 (ωmt) − 2 cos (ωmt)
]
} exp{−z2 sin2 (ωmt)}
=
1
2
e−ik
2θ(t) exp
[
−2z2 (1 − cos (ωmt))
]
. (5.130)
Finally, we obtain:
< ρAB (t) > f =
1
2
exp
[
−ik2 (ωmt − sin (ωmt))
]
exp
[
−z2 (1 − cos (ωmt))
]
,
(5.131)
with z =
√
g˜2
Mω4mβ
. The off-diagonal elements of the photon reduced density matrix
are the fundamental tool for a quantitative evaluation of decoherence. The study of
decoherence will be the subject of the section 5.5.2.
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Gaussian coherent distribution
We have calculated the average of the off-diagonal matrix elements respect to a
Maxwell-Boltzmann distribution. Now, we do a similar calculation, for later com-
parison, the same operation adopting another kind of probability distribution:
f˜ (x0, p0) = NC exp
− ( x0∆x
)2
−
(
p0
∆p
)2 , (5.132)
where ∆x and ∆p are respectively chosen as the uncertainties for position and mo-
mentum of a coherent state, respectively.
It is just a Gaussian distribution with parameters, i.e. HWHM1 related to x0 and
p0, corresponding to those of a coherent state in configuration space. Precisely, for
a wave function representing a coherent state in configuration space, the HWHM
associated to position and momentum are:
∆x =
√
2~
Mωm
, (5.133)
and:
∆p =
√
Mωm~
2
, (5.134)
fulfilling:
∆x∆p = ~ , (5.135)
which is one of the fundamental properties of the coherent state.
To complete the expression of the probability distribution in Eq. (5.132), we have
to calculate NC, the normalization constant, imposing, also in this case:∫ +∞
−∞
∫ +∞
−∞
f˜ (x0, p0) dx0dp0 = 1 , (5.136)
that is:
NC
∫ +∞
−∞
∫ +∞
−∞
exp
− ( Mωm2~
)
x20 −
 2p20Mωm~
 dx0dp0 = 1 , (5.137)
which implies NC = 1~pi . Finally, we have:
f˜ (x0, p0) =
1
~pi
exp
− ( Mωm2~
)
x20 −
 2p20Mωm~
 . (5.138)
In the following, we refer to this distribution as the “coherent distribution”. Once
we have fully specified the probability distribution f˜ (x0, p0), it is possible to cal-
culate the average of the off-diagonal matrix elements of the density operator:
< ρAB (t) > f˜ =
∫ +∞
−∞
∫ +∞
−∞
ρAB (x0, p0, t) f˜ (x0, p0) dx0dp0 . (5.139)
1HWHM means half width half medium.
82 CHAPTER 5. STUDY OF DECOHERENCE IN THE HYBRID APPROACH
Also in this case we divide the integral in the two parts:
< ρAB (t) > f˜ =
e−ikθ(t)
2pi~
∫ +∞
−∞
exp
[−g˜ (x0, t)] dx0 ∫ +∞
−∞
exp
[
−h˜ (p0, t)
]
dp0 ,
(5.140)
where:
g˜ (x0, t) =
Mωm
2~
x20 + i
g˜
ωm
sin (ωmt) x0 , (5.141)
and:
h˜ (p0, t) =
2
Mωm~
p20 − i
g˜
Mω2m
[cos (ωmt) − 1] p0 . (5.142)
We note that:
g˜ (x0, t) =
Mωm
2~
x20 + i
g˜
ωm
sin (ωmt) x0
=
Mωm
2~
x20 + i
g˜
ωm
sin (ωmt) x0 − k2 sin2 ωmt + k2 sin2 (ωmt)
=
√ Mωm2~ x0 + ik sin (ωmt)
2 + k2 sin2 (ωmt) (5.143)
and, similarly:
h˜ (p0, t) =
2
Mωm~
p20 − i
g˜
Mω2m
[cos (ωmt) − 1] p0
=
2
Mωm~
p20 − i
g˜
Mω2m
[cos (ωmt) − 1] p0
−k
2
4
[cos (ωmt) − 1]2 + k
2
4
[cos (ωmt) − 1]2
=
√ 2Mωm~ p0 − k2 [cos (ωmt) − 1]
2 − k24 [cos (ωmt) − 1]2 . (5.144)
Accordingly we have:
∫ +∞
−∞
e−g˜(x0,t)dx0 =
√
2pi~
Mωm
e−k
2 sin2(ωmt) , (5.145)
and likewise:
∫ +∞
−∞
e−h˜(p0,t)dp0 =
√
Mωm~pi
2
e−
k2
4 [cos(ωmt)−1]2 . (5.146)
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Therefore, replacing Eq. (5.145) and Eq. (5.146), into Eq. (5.140), we have a part
from a phase factor e−ikθ(t), the following expression:
< ρAB (t) > f˜ =
1
2
e−k
2 sin2(ωmt)e−
k2
4 [cos(ωmt)−1]2
=
1
2
exp{−k
2
4
[
4 sin2 (ωmt) + 1 + cos2 (ωmt) − 2 cos (ωmt)
]
}
=
1
2
exp
[
−k
2
2
[1 − cos (ωmt)]
]
exp
[
−3k
2
4
sin2 (ωmt)
]
=
1
2
exp
[
−k
2
2
[1 − cos (ωmt)]
]
exp
[
−3k
2
8
(1 − cos (2ωmt))
]
. (5.147)
Finally, the averaged off-diagonal matrix element is obtained as:
< ρAB (t) > f˜ =
1
2
e−ikθ(t) exp
[
−k
2
2
[1 − cos (ωmt)]
]
exp
[
−3k
2
8
(1 − cos (2ωmt))
]
.
(5.148)
It presents several differences with respect to that obtained through the thermal
average. First of all, in the term exp
[
− 3k28 (1 − cos (2ωmt))
]
which modifies its
temporal dependence. However, also in this case, we shall comment on the physical
implication of this in the next section.
5.6 Mirror induced decoherence
We have calculated the off-diagonal matrix elements of the photon reduced density
operator in the hybrid approach. We have distinguished several cases: the case in
which the mirror initial conditions consist in one fixed point of phase space and the
case where we do not know the mirror position and momentum at t = 0 precisely,
but we have at our disposal just probability distributions in phase space (which
might be experimentally more relevant). These distributions have been adopted to
average the off-diagonal matrix elements.
Here, we employ these results to evaluate the decoherence process induced by the
mirror on the photon. We have already noted that, if the mirror initial conditions
consist in one, fixed, point in phase space, no decoherence occur. Here, we ask
what happens with the averaged off-diagonal matrix elements.
We will start with the case of to the thermal average. We present a comparison
between the decoherence process appearing when the mirror is a quantum object
and initial state is a thermal mixture of coherent state.
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5.6.1 Decoherence after averaging with respect to a thermal distribu-
tion
After a thermal average, the off-diagonal matrix element of the photon reduced
density matrix is:
< ρAB (t) > f =
1
2
exp
[
−ik2 (ωmt − sin (ωmt))
]
exp
[
−z2 (1 − cos (ωmt))
]
.
(5.149)
The visibility of interference is given by its modulus:∣∣∣< ρAB (t) > f ∣∣∣ = 12 exp [−z2 (1 − cos (ωmt))] . (5.150)
We point out that this expression presents the same form as that obtained in the
purely quantum case: ∣∣∣< ρ12 >β∣∣∣ = 12e−(2n¯+1)k2[1−cos(ωmt)] . (5.151)
We emphasize to note that they manifest the same dependence on time.
We are interested to analyze how the dependence on parameters changes in the two
cases. Although the constants appearing within Eq. (5.150) and Eq. (5.151) are
different, the visibility of interference retains the same dependence on the mass,
photon frequency and length of cavity in both cases. There is also a quite similar,
though not the same, dependence on the temperature.
We begin with the mass: In the hybrid case, i.e. in Eq (5.150):
z2 ∝
1
M
, (5.152)
and identically in Eq (5.151):
k2 ∝
1
M
. (5.153)
The same equivalence holds also for ωc and L:
z2 ∝ g˜2 =
(
ωc
L
)2
, (5.154)
and:
k2 ∝
(
ωc
L
)2
. (5.155)
Now, we consider the dependence of the temperature. In the hybrid case:
z2 ∝
1
β
∝ T . (5.156)
If the mirror is classical, instead, the dependence on the temperature is embodied
in n¯ = 1
e
~ωm
KT −1
. However, n¯ can be approximated as:
n¯ =
1
e
~ωm
KT − 1
≈ 1
1 + ~ωmKT − 1
∝ T . (5.157)
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In this way we have restored qualitatively the same dependence in the hybrid ap-
proach as in the case where the mirror is quantum. Obviously, at low temperature,
this approximation does not hold any longer.
The only difference among the two constants z2 and k2, which appear respectively
in the exponential of the hybrid and Marshall et.al. approach, regards the depen-
dence on the frequency of the mirror, ωm. In fact:
k2 ∝
1
ω3m
, (5.158)
while:
z2 ∝
1
ω4m
. (5.159)
In conclusion, we point out that:
z2 =
g˜2
Mβω4m
= 2
(
~g˜2
2Mω3m
)
KT
~ωm
= 2k2
KT
~ωm
, (5.160)
and, therefore, it is obvious to see that, with the exception of ωm, z2 and k2 retain a
similar dependence as the other physical quantities.
In Figure 5.2 we show
∣∣∣< ρAB (t) > f˜ ∣∣∣ as a function of the time. The plot is made
for k = 1, T = 10−7K, and ωm = 2pi · 500 1sec . We note that, at t = 0, the visibility
of interference assumes its maxmimum value: full interference is present if the
photon is detected at this time. However, the visibility decreases very quickly and
we have decoherence: no interference can be observed if the photon is detected in
this time range. Finally, after a period of the mirror oscillation, we have a revival
of the coherence and the visibility of interference arrives at its maximum again.
The loss of coherence after the maximum at t = 2pin, ∀n ∈ N, is characterized by a
decoherence timescale, tHD, which can be easily quantified, since:∣∣∣< ρAB (t) > f ∣∣∣ =12 exp [−z2 (1 − cos (ωmt))] =
≈1
2
exp
[
−z2
(
1 − 1 + (ωmt)
2
2
)]
=
=
1
2
exp
[
−z2 (ωmt)
2
2
]
, (5.161)
and in view of the argument of this exponential:
t2HD =
2
z2ω2m
=
2
ω2m
Mω4mβ
g˜2
=
2
k2
~β
ωm
, (5.162)
and finally:
tHD =
√
2~β
ωmk2
. (5.163)
86 CHAPTER 5. STUDY OF DECOHERENCE IN THE HYBRID APPROACH
1 2 3 4 5 6
x
0.1
0.2
0.3
0.4
0.5
Modulus of Ρ AB
Figure 5.2: Plot of
∣∣∣< ρAB (t) > f ∣∣∣ for T ≈ 10−7K, ωm ≈ 2pi·500 1sec and k2 = ~g˜22Mω3m ≈
1. On the abscissa, we have x = ωmt from 0 to 2pi.
This represents the time range after which
∣∣∣< ρAB (t) > f ∣∣∣ is decreased by a factor of
e. We point out that:
t2HD ∝ β ∝
1
T
, (5.164)
thereby, tHD decreases with the temperature. This is reasonable, because we expect
that, if the temperature increases, the decoherence effects grow.
In the following table we list estimates of tHD for different value of the temperature.
Also here, we continue to consider k = 1.
Temperature [K] tHD [sec]
10−3 2, 15 · 10−6
10−4 0.68 · 10−5
10−5 2, 15 · 10−5
10−6 0.68 · 10−4
10−7 2.15 · 10−4
10−8 0.68 · 10−3
10−9 2.15 · 10−3
(5.165)
In the Figures 5.3, 5.4, 5.5, and 5.6 we report results for the modulus of this off-
diagonal matrix element, for different values of the temperature.
These plots indicate as an increase of the temperature implies a reduction of the
decoherence range. Accordingly, in order to improve the visibility of interference
is suitable to work at very low temeperature.
Precisely, by Eq. (5.150) follows that, if the temperature tends to zero, the modulus
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Figure 5.3: Plot of
∣∣∣< ρAB (t) > f ∣∣∣ for several values of the temperature and for
ωm ≈ 2pi · 500 1sec and k2 = ~g˜
2
2Mω3m
≈ 1. Precisely, the dashed line is for T = 10−6K,
while the thick line is for T = 10−5K. On the abscissa, we have x = ωmt, from 0 to
0.5.
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Figure 5.4: Plot of
∣∣∣< ρAB (t) > f ∣∣∣ for several values of the temperature and for
ωm ≈ 2pi · 500 1sec and k2 = ~g˜
2
2Mω3m
≈ 1. Precisely, the dashed line is for T = 10−6K,
while the thick line is for T = 10−5K. On the abscissa, we have x = ωmt, from 5.8
to 2pi.
88 CHAPTER 5. STUDY OF DECOHERENCE IN THE HYBRID APPROACH
0.01 0.02 0.03 0.04 0.05
x
0.1
0.2
0.3
0.4
0.5
Modulus of Ρ AB
Figure 5.5: Plot of
∣∣∣< ρAB (t) > f ∣∣∣ for several values of the temperature and for
ωm ≈ 2pi · 500 1sec and k2 = ~g˜
2
2Mω3m
≈ 1. Precisely, the dashed line is for T = 10−4K,
while the thick line is for T = 10−3K. On the abscissa, we have x = ωmt, from 0 to
0.05.
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Figure 5.6: Plot of
∣∣∣< ρAB (t) > f ∣∣∣ for several values of the temperature and for
ωm ≈ 2pi · 500 1sec and k2 = ~g˜
2
2Mω3m
≈ 1. Precisely, the dashed line is for T = 10−4K,
while the thick line is for T = 10−3K. On the abscissa, we have x = ωmt, from
6.235 to 2pi.
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of the off-diagonal element of the reduced density operator becomes equal to 12 :
lim
T→0 |< ρAB (t,T ) >| =
1
2
. (5.166)
In this context there is no decoherence and interference effects are no destroyed: it
is just the situation achieved when the mirror is in one, fixed, point of the classical
phase space.
We could reach the same qualitative conclusion even from a mathematical point of
view. Since the thermal distribution in Eq. (5.108) is a Gaussian, we have:
lim
T→0 f
(x0, p0,T ) = δ (x0 − x¯0) δ (p0 − p¯0) , (5.167)
i.e. the initial position and momentum of the mirror are perfectly localized in phase
space, which is the case of no decoherence discussed before. This consideration is
important because, it shows the internal consistency of our approach.
5.6.2 Decoherence after the averaging with respect to a coherent dis-
tribution
We have studied the decoherence effects in the case in which the distribution of
the mirror initial conditions corresponds to a thermal ensemble. Here, we repeat
the same considerations with the so-called coherent distribution of Eq. (5.138), i.e.
with the probability distribution with HWHM for of a coherent state in configura-
tion space.
The modulus of the off-diagonal matrix element of the photon reduced density op-
erator averaged with respect to a coherent distribution is:∣∣∣< ρAB (t) > f˜ ∣∣∣ = 12 exp
[
−k
2
2
[1 − cos (ωmt)]
]
exp
[
−3k
2
8
(1 − cos (2ωmt))
]
.
(5.168)
In Figure (5.7) we have the plot of
∣∣∣< ρAB (t) > f˜ ∣∣∣ for k = 1: Even in this case, at
t = 0, the visibility of interference assumes its maximum, i.e. 12 , but decreases fast
thereafter. However, after a period of oscillation of the mirror, visibility of inter-
ference exhibits a revival reading its maximal value again.
It is, approximately, the same temporal behavior obtained in the case of the thermal
average. Nevertheless, there is a factor exp
[
−3k28 (1 − cos (2ωmt))
]
, which modu-
lates this temporal evolution. This factor constitutes the fundamental difference
to the previous outcome and, thus, also with respect to the averaged off-diagonal
matrix elements calculated for the quantum mirror.
In Figure 5.8 we show a comparison between the modulus of the off-diagonal ma-
trix element in the present and the earlier discussed purely quantum case.
5.7 Probability to detect a photon
Given all ingredients, we calculate also in the hybrid case the probabilities to detect
a photon in one of the two detectors D1 and D2. his calculation is important,
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Figure 5.7: Plot of
∣∣∣< ρAB (t) > f˜ ∣∣∣ for k = 1. On the abscissa, we have x = ωmt,
from 0 to 2pi.
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Figure 5.8: We have the plot of
∣∣∣< ρAB (t) > f˜ ∣∣∣ in Eq. (5.168) for k = 1 and ρ12 (t) =
1
2 exp (1 − cos (ωmt)). On the abscissa, we have x = ωmt, from 0 to 2pi.
5.7. PROBABILITY TO DETECT A PHOTON 91
because it allows, as already remarked for the purely quantum case, to connect
the off-diagonal matrix element of the photon reduced density operator with some
measurable quantities.
The probability to detect a photon in one of the two detectors D1 or D2 is:
Pi (t) = Tr
(
< ρˆ (t) > f Pˆi
)
i = 1, 2 , (5.169)
where:
< ρˆ (t) > f =
 12 12 exp [−ik2 (ωmt − sin (ωmt))] exp [−z2 (1 − cos (ωmt))]c.c. 12
 ,
(5.170)
which can be conveniently rewritten as:
1
2
(
1 f (t)
f ∗ (t) 1
)
, (5.171)
with:
f (t) = exp
[
−ik2 (ωmt − sin (ωmt))
]
exp
[
−z2 (1 − cos (ωmt))
]
. (5.172)
We recall that the two projectors related to D1 and D2 have, with respect the basis
{|1〉A|0〉B, |0〉A|1〉B}, the following form, cf. Eq. (3.119) and Eq. (3.120):
Pˆ1 =
( 1
2
1
2
1
2
1
2
)
. (5.173)
and:
Pˆ2 =
( 1
2 −12
− 12 12
)
. (5.174)
Accordingly, it is simple to evaluate Eq. (5.169). For example, for i = 1 we have:
1
2
( 1
2
1
2
1
2
1
2
) (
1 f (t)
f ∗ (t) 1
)
=
( 1
4
[
1 + f ∗ (t)
] 1
4
[
1 + f (t)
]
1
4
[
1 + f ∗ (t)
] 1
4
[
1 + f (t)
]) , (5.175)
and tracing we obtain:
P1 (t) = Tr
(
ρˆν (t) Pˆ1
)
=
1
4
[
1 + f ∗ (t)
]
+
1
4
[
1 + f (t)
]
=
=
1
2
+
1
4
[
f (t) + f ∗ (t)
]
=
1
2
[
1 + Re{ f (t)}] . (5.176)
Inserting Eq. (5.172) into Eq. (5.176), it gives:
P1 (t) =
1
2
{1 + cos
[
k2 (ωmt − sin (ωmt))
]
exp
[
−z2 (1 − cos (ωmt))
]
} . (5.177)
Similarly we infer:
P2 (t) =
1
2
{1 − cos
[
k2 (ωmt − sin (ωmt))
]
exp
[
−z2 (1 − cos (ωmt))
]
. (5.178)
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Figure 5.9: Plot of P1 (t) and P2 (t) for ωm ≈ 2pi · 500 1sec , k2 = ~g˜
2
2Mω3m
= 1 and
T = 10−7K. The dashed line represents P1, while the thick line represents P2. On
the abscissa, we have x = ωmt, from 0 to 2pi.
We note that P1 (t) + P2 (t) = 1, as it should be.
In the following figures we show P1 (t) and P2 (t) as function of time. We can
see that, at t = 0, the probability to detect the photon in D1 is maximal while it is
null for D2. After t = 0, the probability to detect the photon in D1 decreases while
that to detect it in D2 increases, until they assume constant values. Towards the
end of a period of oscillation of the mirror, P1 (t) and P2 (t) return to their initial
values.
In Figure 5.10, 5.11, 5.12, and 5.13 we show the probabilites of Eq. (5.177) and
Eq. (5.178) for various values of the temperature.
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Figure 5.10: Plot of P1 (t) and P2 (t) for several values of the temperature and ωm ≈
2pi·500 1sec , k2 = ~g˜
2
2Mω3m
= 1. The thiny dashed and thick lines represent, respectively,
P1 and P2 at T = 10−4, while the dotted and large dashed lines represent P1 and
P2 for T = 10−3. On the abscissa, we have x = ωmt, from 0 to 0.05.
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Figure 5.11: Plot of P1 (t) and P2 (t) for several values of the temperature and ωm ≈
2pi·500 1sec , k2 = ~g˜
2
2Mω3m
= 1. The thiny dashed and thick lines represent, respectively,
P1 and P2 at T = 10−4, while the dotted and large dashed lines represent P1 and
P2 for T = 10−3. On the abscissa, we have x = ωmt, from 6.23 to 2pi.
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Figure 5.12: Plot of P1 (t) and P2 (t) for several values of the temperature and ωm ≈
2pi·500 1sec , k2 = ~g˜
2
2Mω3m
= 1. The thiny dashed and thick lines represent, respectively,
P1 and P2 at T = 10−6, while the dotted and large dashed lines represent P1 and
P2 for T = 10−5. On the abscissa, we have x = ωmt, from 0 to 0.5.
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Figure 5.13: Plot of P1 (t) and P2 (t) for several values of the temperature and ωm ≈
2pi ·500 1sec , k2 = ~g˜
2
2Mω3m
= 1. The tiny dashed and thick lines represent, respectively,
P1 and P2 at T = 10−6, while the dotted and large dashed lines represent P1 and
P2 for T = 10−5. On the abscissa, we have x = ωmt, from 5.8 to 2pi.
Chapter 6
Conclusions
We have performed a detailed study of the decoherence induced by the mirror
on the photon within the Marshall et.al optomechanical system [10], presented in
Chapter 2.
In Chapter 3, we study this decoherence process in the purely quantum approach,
i.e. considering the mirror as quantum harmonic oscillator, driven by the radiation
pressure of the photon. The action of the decoherence during the temporal evo-
lution of the system is shown in Fig. 3.1, 3.2, 3.3. We find that mirror induced
decoherence initially destroys the coherent superposition in which the photon is
put thanks to the interferometer, but after about a period of mirror oscillation we
observe a revival of coherence. We underline that we are referring to the coherence
of the single photon, while the coherence of the global system is preserved at each
instant.
The suppression of the initial coherent superposition of the photon is quantified by
the decoherence timescal tdec, whhich we have been estimated for several value of
the temperature. Here, the temperature governs an ensemble of superposed coher-
ent mirror states which is incorporated in the theory. In particular, we point out that
decreasing the temperature leads to an increase of this timescale, making the in-
terference effects of the photon longer lived. Accordingly, in order to optimize the
visibility of interference one has to work at very low temperature. We have com-
pared this timescale with that characterizing another decoherence process, namely
that induced by the whole environment considered as a thermal bath, indicated by
Tdec. It turns that, for each value of the temperature, we have:
tdec < Tm < Tdec , (6.1)
where Tm is the oscillation period of the mirror. Therefore, for every value of the
temperature, both initial coherence, decoherence, and revival are preserved.
The study of the mirror induced decoherence has been carried out calculating the
off-diagonal matrix elements of the photon reduced density operator. However,
this matrix element is just a formal quantity. Therefore, we connected it with to
measurable quantities, namely the probabilities to detect the photon in one of the
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two photon detectors.
The last part of the work (Chapter 5) concerns the study of the Marshall et.al.
optomechanical system in a quantum-classical hybrid theory presented in (4). In
particular, we have employed here the theory of [17, 18, 19] in order to see what
happens if the mirror is considered as a classical rather then quantum oscillator.
In Section 5.2, we write a hybrid Hamiltonian for our system and subsequently, in
Section (5.3), we use it to derive the equations of motions, related to the mirror
and the photon in arm A and B. It is an important result for the study of the Mar-
shall et.al. optomechanical system because the solutions of these equations can be
adopted to quantify some new observables which can be interesting for practical
reasons. In this way, we have performed one of the first application of the hybrid
theory presented in Chapter 4.
Also in this case, we mainly studied the mirror induced decoherence. For this goal,
in Section 5.5, we have calculated the photon reduced density operator in the hybrid
approach. It has be shown that it depends on the initial position and momentum of
the mirror. We have distinguished three different cases.
First, the case where the initial position and momentum are represented by one
fixed point in the phase space. In this case no decoherence occurs and the photon
retains its pure initial state representing a coherent superposition of being in either
arms. This result, although it may seem surprising, is quite predictable, because
here, the mirror is classical. Therefore, no entanglement, i.e. the real cause of
decoherence, can be established between photon and mirror and, thus, the former
preserves its initial coherence.
Nevertheless, the behavior changes when we consider the second and third cases,
namely when we do not know the initial conditions of the mirror precisely, but
only a probability distribution in the classical phase space for their values. In these
cases, we find decoherence processes which destroy the initial coherence. Also in
these cases we observe a revival of coherence after a period of oscillation of the
mirror.
Precisely, we used two different distributions here: first, the coherent distribution
of Section 5.5.2, which is a classical Gaussian phase space distribution with param-
eters fixed according to the uncertaintes of a quantum coherent state, and second
the thermal distribution of Section 5.5.2, which is a Boltzmann distribution with
the classical energy of the mirror (oscillator) determining the Boltzmann factor. In
the second case, we obtain the same off-diagonal matrix elements and, thus, the
same decoherence process as in the purely quantum approach.
This is a very surprising result. It suggests that the Marshall et.al. optome-
chanical system does not discriminate whether the mirror is quantum or classical,
for this class of initial conditions, which might be important for the proposed ex-
periments. This is also the starting point for future work studies of wave-function
collapse model adopting hybrid theory.
We are interested to re-formulate Diosi’s wave function collapse model [12]. Diosi’s
wave function collapse proposes a master equation which contains a damping term
universally violating the quantum mechanics of massive systems coupled to grav-
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ity. From this equation follows that the quantum mechanical superposition princi-
ple breaks down if the superposed states have radically different mass distributions.
Through our hybrid approach we can consider the massive objects as classical, and
couple them with a quantum particle: our aim is to see how interference effects
of the latter behave in such case, and to compare these with what is obtained in
standard purely quantum approach.
Obviously, to perform such investigations, we first have to develop master equa-
tions in the hybrid approach, i.e. to understand how a quantum-classical master
equation can be written. In my opinion it is an important issue, because it paves
the way to the study of open systems considered as quantum-classical hybrids,
allowing to improve the description of the mesoscopic regime.
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Appendix A
Coherent states as ground state of
a driven harmonic oscillator
A.1 Introduction
In Chapter 2 we chose a coherent state, i.e. an eigenstate of the destruction op-
erator, to represent the mirror initial state. Besides the fact that a coherent state
is konown to be a quantum state close to a classical one, the fundamental state of
a driven harmonic oscillator, through which the mirror can be modeled, is just a
coherent state. It is reasonable to suppose that as a first approximation at t = 0
every subsystem is in its ground state, we therefore consider here the mirror initial
state as a coherent state.
The aim of this appendix is to calculate analytically the fundamental state of a
driven harmonic oscillator, such as our mirror, showing that it is a coherent state.
We follow the scheme presented in [25] and afterward we comment the parameter
labeling a coherent state.
A.2 Fundamental state of a harmonic oscillator
The Hamiltonian of a harmonic oscillator, driven by a constant force, F, is:
Hˆ =
pˆ2
2m
+
mω2
2
xˆ2 − Fxˆ , (A.1)
where
[
xˆ, pˆ
]
= i~.
We introduce creation and destruction operators:
bˆ =
√
Mωm
2~
xˆ + i
√
1
2Mωm~
pˆ , (A.2)
bˆ† =
√
Mωm
2~
xˆ − i
√
1
2Mωm~
pˆ , (A.3)
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that satisfy the commutation relation:[
aˆ, aˆ†
]
= 1 . (A.4)
Replacing Eq. (A.2) and Eq. (A.3) in Eq. (A.1), we obtain:
Hˆ = ~ω
(
bˆ†bˆ +
1
2
)
−
√
~
2mω
F
(
bˆ† + bˆ
)
, (A.5)
where in the second term we have used the expression:
xˆ =
√
~
2mω
(
bˆ† + bˆ
)
, (A.6)
which can be easily derived from Eq. (A.2) and Eq. (A.3). This gives:
Hˆ = ~ωbˆ†bˆ −
√
~
2mω
Fbˆ† −
√
~
2mω
Fbˆ +
~ω
2
=~ωaˆ†bˆ −
√
~
2mω
Fbˆ† −
√
~
2mω
Fbˆ +
F2
2mω2
− F
2
2mω2
+
~ω
2
=~ω
bˆ†bˆ − √ 12m~ω3 Fbˆ† −
√
1
2m~ω3
Fbˆ +
F2
2mω2
 − F22mω2 + ~ω2
=~ω
bˆ† − √ 12m~ω3 F
 bˆ − √ 12m~ω3 F
 − F22mω2 + ~ω2 . (A.7)
Now, we define:
aˆ = bˆ − F√
2m~ω3
, (A.8)
and:
aˆ† = bˆ† − F√
2m~ω3
. (A.9)
Accordingly, we rewrite Eq. (A.7) as:
Hˆ = ~ω
(
bˆ†bˆ +
1
2
)
− F
2
2mω2
, (A.10)
It is the Hamiltonian of a free harmonic oscillator with its energy shifted by the
quantity F
2
2mω2 . Its spectrum is:
En = ~ω
(
n +
1
2
)
− F
2
2mω2
. (A.11)
Considering a coherent state |β〉, with:
β ≡ F√
2m~ω3
, (A.12)
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for the harmonic oscillator described by Hamiltonian in Eq. (A.1), it fulfills:
bˆ|β〉 = β|β〉 , (A.13)
and therefore:
aˆ|β〉 =
(
bˆ − β
)
|β〉 = 0 , (A.14)
meaning that the coherent state |β〉 is the ground state for Hamiltonian in Eq.
(A.10), since they are equivalent, also for the Hamiltonian in Eq. (A.1), i.e. for
a harmonic oscillator driven by a constant force.
From Eq. (A.12) we see that the parameter β, labeling the coherent state, is related
to the force which drives our harmonic oscillator.
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